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1. Introduction and elementary results Pramana

1. Introduction and elementary results

1.1. Big Oh notation

Definition 1.1

Let g and h be real-valued functions. We say g(x) = O(h(x)) if there exists a
C > 0 such that [g(x)| < Ch(x) for all x. Vinogradov notation is writing h < g if
h = 0(g).

One useful fact is that fi(x) = gi(x) + O(hi(x)) for i = 1,2 implies that fi(x) +
f2(x) = g1(x) + ga(x) + O(hy (x) + ha(x)).

Definition 1.2

Given a function h(x), we say g(x) = o(h(x)) if limy_,q g(x) /h(x) = 0. If a is not
mentioned, then we assume a = cc.

Definition 1.3

If f, g are positive functions, then f~ g as x — a means limy_,, f(x)/g(x) = 1.
Again, if a is not mentioned, assume a = co.

Definition 1.4

If f, g are positive functions, then f = g for x € S means f = O(g) and g = O(f)
forx € S.

1.2. Arithmetic functions

Definition 1.5

A function f is arithmetic if it is a function from Z-( to C. An arithmetic function
f: Z-o — C is multiplicative if f(1) = 1 and f(ab) = f(a)f(b) when a and b are
coprime.

Example 1.1 — Euler’s totient function p(n) = #{1 < m < n:(n,m) = 1}is mul-
tiplicative.

1.3. Counting lattice points on the circle |

The rest of this section is dedicated to covering results that can be proven in elemen-
tary ways. For this course, it basically means we don’t use complex analysis, or that a
high-schooler with calculus knowledge could follow these proofs (though we might
occasionally appeal to some algebra results).
Consider the function r(n) = # {(a, b)eZ?:n=a*+ bz} of Pythagorean triples
with hypotenuse n. This function is not multiplicative: r(1) = 4.
3
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1.4. Asymptotics of the divisor function I Pramana

If p is a prime equivalent to 3 modulo 4, then r(p) = 0. Since there are infinitely
many such primes, lim inf,,_,o r(n) = 0.

We can also try to approximate the function R(N) = ZE:O r(n). This counts the
number of lattice points in the ball of radius v/N. Suppose for each lattice point inside
the ball, we place a box whose bottom-left corner is that lattice point. The number of
lattice points is precisely the area of the (disjoint) union of these squares, S. On the
other hand, S is contained in the ball of radius v/'N + /2 centered at the origin by
the triangle inequality. Moreover, S contains the ball of radius v'N — v/2. Therefore,
(v N —+/2)?2 <R(N) < n(v/N 4 v/2)?, which implies R(N) = 1N + O(v/N).

1.4. Asymptotics of the divisor function |

Let d(n) := #{d : d | n} be the divisor function. It is multiplicative. More explicitly,
if n = pj'---pp¥, then d(n) = [];(ei + 1). Because there are infinitely many primes,
liminf, d(n) = 2.

Proposition 1.1

For all A > 0, there is a sequence (n;) such that d(ny)/(log ;)% — oo asi — oo.

Proof. Let k < A < k+1, and let p; be the ith prime. For n; == (p1-- - pry1 e
dny) = i+ 1) > i1 But

. log n; k1 _
= (10g]91glpk1> = (logp1 -+ prs1) ¥ (logny) <,
Pt

=C
where we note that ¢ is independent of i. Write k +1 = A+ 5 for 4 € (0,1]. Then
k+1-A 5 i—oo O

d(ny)/ log(ni)A > clog(ni) = clog(ny)® —— oo.

1.5. Asymptotics of the divisor function Il

We'll use the following lemma to get an upper (little-oh) bound on d(n).

Theorem 1.2 (Prime power convergence implies convergence)

If f: Z-o — C is multiplicative and f(p™) — 0 as p™ — oo, then f(n) — 0 as
n — oo.

Remark 1.3. This is not the same as f(p™) — 0 as n — oo for all n. For example,
f could be the function defined by f(p™) = 2™™ for each prime p and extended by
multiplicativity. Then f(p™) — 0 as n — oo for all primes p, but f(p) = I for every
prime, so f never converges to 0 because there are infinitely many primes.

We can rephrase the theorem as follows: let P be the set of prime powers. Then

flp(n) — 0 implies f(n) — 0.



1.6. Counting lattice points on the circle 11 Pramana

Proof of Theorem 1.2. For a given M, the set of integers where each prime
power factor is less than M is finite. Let P(M) be the maximal such number.
For n > P(M), we know n = p® - n’ for some p* > M.

We claim f is bounded. There exists a B > 0 such that for all p™ > B, [f(p™)| < 1.
There are only finitely many p™ < B, so there is an A > 0 such that [f(p™)| < A
for p™ < B. Let C == #{p" < B}. Then [f(p]" - - - pi*)| = [f(n)| < AC for all n.

Let ¢ > 0 and N be such that p™ > N implies |f(p")| < 4. Forn > P(N), we
can write n = p® - n’ for some p® > N. By multiplicativity,

&

AC A¢ =g,

[Fm)l = () [f(n')] <

which implies f(n) — 0. O

Theorem 1.4 (The divisor function grows slower than any power of 1)
d(n) = o(n®) forall & > 0.

Proof. Let f(n) = d(n)/n® We note that f is multiplicative as the quotient of
multiplicative functions. Then

d(p™)
f(p") =
pén
n—+1
= pén
2n
= W
2logp™/logp
= pén
2 logp"
~ logp pm
2 logN
) ] N = p"
< log2 N°® ( P
This tends to 0 as N — oo, so Theorem 1.2 implies that f(n) — 0. O

1.6. Counting lattice points on the circle Il

The function r(n) of the number of (x,y) such that a? 4+ b? = n, was defined before,
and was not multiplicative. Consider first the function ro(n) = # {(a, b)eZ?:n=a>+b%(aq,b)=1 }
of the number of primitive solutions to a? + b*> = n. We have

r(n) = Y ro(n/d?).

d>0
d?jn

We consider only the solutions in the “fundamental domain” under 7 rotation:

ri(m) = {(a,b) € Z*:n=0a’+b%a>0,b>0,(ab)=1}. Then ro(n) = 4r{(n).
5



1.6. Counting lattice points on the circle 11 Pramana
We claim r{ is multiplicative. This is by making use of the bijection
{(a,b) eZ>n=a*+bv%a>0b> 0,(a,b) = 1} — {x ceZ/n:x*=-1 (mod n)}
(a,b) — a/b.
From the theory of binary quadratic forms,
rm)=4#{d€Z-g:d|n,d=1 (mod4)}—#{d€Z-o:d|n,d=3 (mod4)}).

Therefore, r(n) < 4d(n) = o(n?®) for any & > 0, so 7(n) = o(n?).

Theorem 1.5

If g: [1,00) — R0 is monotone decreasing, then

Z;MMZLMU&+A+WMM)

1<n<x

for some constant A depending on g.

Proof. Since g is decreasing,

SO
n+1

OSAnIZQ(n)—J g(t) dt < g(n) — g(n+1).

n
For some N < M,

M

D An<g(N)—g(M+1) < g(N).

n=N
Set -

A=) Ay <g(l).
n=1

Then

1
M z

An +

ZA
n=N+1
n+1
)—J g
n
N+1
)—J g
1

3
I

() dt+g(N+1)

E

g

3
I

(n )
gn (t)dt+g(N+1).

I
M =z

1

3
Il



1.7. Asymptotics of the average of the divisor function Pramana

Setting N = | x|, we have

r'l_XJ'i‘]
> gm)=A+ 9t dt+O(g(lx] +1))
T1<n<x Y
rlx]+1
<A+ g(t)dt+O(g(x))
N
rX I_XJ"F]
=A+ g(t)dt—l—J g(t)dt+0O(g(x))
J1 X
<g(x)
=A+| g(t)dt+ O(g(x)). O
J1

Corollary 1.6
There exists a constant 'y (Euler’s constant) such that

1 1
Z — =logx+v+0 <>
n X

1<n<x

Corollary 1.7
There exists a constant B such that
1 1
Z =loglogx+B+ 0O .
nlogn xlog x
T<n<x

1.7. Asymptotics of the average of the divisor function

Let D(N) = ZE:] d(n). Another way to count this as the number of lattice points
(x,y) € Z2, such that xy < N. This is also the number of lattice points below the
graph N/x (fromx = 1tox = N).

Theorem 1.8
D(N) = Nlog N+ O(N).

Proof. We have



1.8. The o function Pramana

Set 0 = N/x— [ N/x]. Then

N
> -

TlZ] c [0/

D(N)

1
N 1 N
NZE— 0,

n=1 n=1

N
.
_Nlogn+Ny—;9n+NO <N>

= NlogN + O(N). O

We’ll now remove the O(N) error. We want to reduce the number of 0,,’s that we
have to sum over, since they contribute to the error.

Theorem 1.9 (Dirichlet)
D(N) = NlogN + (2y — 1)N + O(v/N).

Proof (sketch). The lattice points are symmetric about the axis y = x. Note that
y = x intersects y = N/x at (V'N,V/N). If A is the number of lattice points
between x = 1 and x = /N, then symmetry gives us

D(N) =2A — M\JJZ

(see Figure 1 for a visualization). We have that

A= ) {:J:N<log\/ﬁ+y+0<\/]ﬁ>>+0(\/ﬁ),

1<n<VN
and :
M\JJ = (VN=8 )2 =N+O(VN).
Combining these gives us the result. O
Remark 1.10.

¢ O(V/N) was improved to O(N'/31og N) by Voronoi.

¢ Conjecture: the error can be further improved to O(N/4+¢) for € > 0, but not
e=0.

1.8. The o function

Define oy.(1n) := Y4, d*. For example, op(n) = d(n).



1.9. Perfect numbers Pramana

VN X

Figure 1: Visualization of the proof of Theorem 1.9.

Lemma 1.11

oy is multiplicative for all k.

Proof. If (n,m) = 1, then there is a bijection {d; | m} x {d2 |n} «— {d|mn}
given by (d;, d;) — did;. After expanding o (m)ox(n), the result follows. O

Lemma 1.12

Ifn > 1iswrittenasn = [[;_, p;*, then

T gei+1)k 1

ox(n) =2

K
i PP

Proof. First find a formula for p®, then use geometric series + multiplicativity.
O

1.9. Perfect numbers

Definition 1.6

January 21, 2026 A number n is perfect if o71(n) = 2n.

Example 1.2 -
e 01(6)=01(2-3)=14+2+3+6=12.

9



1.10. Asymptotics for n! Pramana

° 01(28) =01(22-7) =14+2+4+7+14+28 =56.

Definition 1.7
A Mersenne number is an integer of the form 2™ — 1. If it is prime, we call it a
Mersenne prime.

Proposition 1.13
If 21 — 1 is prime, then 2™(2™"! — 1) is perfect.

Proof. We have

o (22" =1) = o1 (2Y) o (2™ 1)
_ (zn-H - ])(zn-H). n

Theorem 1.14 (Euler)
All even perfect numbers are of the form in Proposition 1.13.

Proof. Suppose N = 2"N’ is perfect and N’ is odd. Since N is perfect,
o1(N) = 2N = 2N/,
On the other hand, by multiplicativity,
o1(N) = (2™ = T)ar (N').

Therefore, 21 —1 | N/, so set N’ = (2™ —1)N”. The goal now is to show
N’ = 1. Note that

o1(N)

o+
oy 2 N

o1 (N/) =2+

We have that N” < N/, but N’ + N” = 2""IN” = o;(N’). But if N’ and N”
divide N’ and sum to o(N’), then N’ is prime, so N” = 1. O

Remark 1.15. It is open whether there are infinitely many even perfect numbers.
Moreover, it open whether there are odd perfect numbers.

1.10. Asymptotics for n!

Theorem 1.16
nl~+v2m (%)n asn — oo.

10



1.11. Multiplicative convolution Pramana

This follows from Stirling’s formula:

TG ) Y =

x—o0 (x/e)¥x1/2 -

but a crude estimate can be achieved by approximating the integral of log x.

1.11. Multiplicative convolution

Definition 1.8

Let o7 = {f: Z-o — C}. This forms a C-algebra under pointwise addition and
multiplication, with 1(n) = 1 for all n. Consider also the functions &(n), which
is 1if n = 1 and 0 otherwise, and id(n) = n for all n.

Definition 1.9
The convolution operation — * —: &/ X &/ — </ is defined by

(Fxg)n)=) f(d)g(3)-

d>0
dn

We call f x g the multiplicative convolution of f and g.

Proposition 1.17
* on &/ is commutative, associative, distributive over +, and has 0 as the identity.

Proposition 1.18
If f and g are multiplicative, then so is f * g.

Definition 1.10
The Madbius function is an arithmetic function pu: Z.o — C defined as follows:

2. p(n) = (—1)*if n is the product of k distinct primes,

3. u(n) = 0 otherwise.

11




1.12. The Van Mangoldt function Pramana

Proposition 1.19

u is multiplicative and

0 otherwise.

5 id) - {1 ifn=1,

In other words, u* 1 = 6.

Proof. Let n = pj’---py* for distinct p;. Then the only times p(d) is nonzero
is for py, - - Py for 1 <j < kand1,...,ij distinct. There are precisely (];) such
divisors of n for each j. Then

k k k
Zu(d):]— (1) + <2> _..._|_(_])k (k)(]_-l)kOD
—~ -~ -z

dn
P1/P2,-Px  P1P2,P1P3,--/Pn—1Pn P11 Pk

The next theorem demonstrates why we are looking at the Mdbius function:

Theorem 1.20 (First Mobius inversion formula)

If f and g are arlthmetlc functions, then g(n) =} ;. f(d) <
Zd\n TL/ d)

1.12. The Van Mangoldt function

Definition 1.11
The van Mangoldt function /A is an arithmetic function defined by

(1.1)

A(n) = logp ifn=7p™forsomem >0,
"o otherwise.

Proposition 1.21
2_an/A(d) =logn.

Proof. If n = pj' - - - p&, then

D AMA=3 > A= Zellogpl logpy' - pr = logm. O

dn i j<e;

By Mobius inversion, we may write

Zu Jlog(n/d) = Zu (logn —logd) = Zu )log d.

din dn dn

12
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1.13. Asymptotics of the Euler function Pramana

Remark 1.22. Let h(x) =} _, -, A(n). Conjecturally,
P(x) =x+ O(x”z(logx)z).

The exponent in the big-oh term being 1/2 is equivalent to the Riemann hypothesis.

Theorem 1.23 (Second Mébius inversion formula)
If f,g: R>y — C are functions, then g(x) =} _, ., f(x/n) <
f(x) = 2y m(n)glx/n).

1.13. Asymptotics of the Euler function
Recall that p(n) =#{1 <m<n:(n,m) =1} =|(Z/n)*|.

Proposition 1.24
2_am ®(d) = n. In other words, ¢ * 1 = id.

Proof. On one hand |Z/n| = n. On the other hand, any a € Z/n generates
a cyclic subgroup. Moreover, a cyclic subgroup of order d has ¢(d) generators.
Therefore, since the subgroups of Z/n are dZ/n for each divisor d | n,

n=|Z/n = Z #{generators of G} = Z d(d). O
G<Z/n din
G cyclic

By the first Mobius inversion formula (1.20),

o) =Y wi@- Tt =ny M9

We’ll now study the asymptotics of ¢(1n). We know that ¢p(n) < n,andlimsup, ., $(n)/n =
1 because there are arbitrarily large primes.

Proposition 1.25

limn 00 ¢(M) /' ® = 00 for § > 0.

13



1.14. Asymptotics of the average of the Euler function Pramana

Proof. Assume b € (0, 1] (otherwise, the result is obvious). Consider the multi-
plicative function f(n) := n'=%/¢(n). If n = p® is a prime power, then

n
_1 s (11
n(1-3) w(1-3)
< ]L n—oo,
e
By Theorem 1.2, f(n) === 0. Taking the reciprocal gives the result. O

In particular, if A < 1, then ¢p(n) < Cn” implies ¢p(n)/n? is bounded, which
contradicts Proposition 1.25. Therefore, ¢(n) # O(n?) for any A < 1.

1.14. Asymptotics of the average of the Euler function

We now consider the average size of ¢(n). Define ®(x) := anx d(n).

Theorem 1.26 (Mertens)
®(t) = 35 + O(tlogt).

Proof. We can write

o)=Y dm)=3 ) 1

1<n<t 1<n<t 1<m<n
(n,m)=1

:#{(n,m) cZ%y:1 Smgngt,(m,n):]}.

In other words, we want to count the number of lattice points (0, ] with co-
prime coordinates and y-coordinate > x-coordinate. Using the obvious symme-
try across the line y = x, we instead consider ¥(t), the number of lattice points
in (0, t)%, with the relation

Y(t) =20(t) -1,

where we subtract 1 because we double count (1, 1).
Note that (m,n) =d <= d|m,d|n,and (7, 5) = 1. Therefore, we have a
bijection

t
{(m,n) e ZZ>0 mn <t (mn)= d} — {(m,n) S Zio mn < FL (m,n) = 1}.

Now consider all | t|? lattice points in (0, t]*:

t
-y ¥ -3 (i)
1<d<t mn<t 1<d<t
(mmn)=d

14



1.14. Asymptotics of the average of the Euler function Pramana

Let 84 = & — | 4| be our error term, which lies in [0,1). By the second Mébius
inversion formula,

d<t

2 o k(d) u(d) 2

S LI T
a<t a<t d<t

We first bound the second and third terms, which we treat as errors:

ZtZ ed <2tZ—

d<t d<t
=2t <logt+v+0 <1>>
= O(tlogt)

D au(d)| <)

<t <t
= O(t).

So both terms absorb into O(tlogt).
For the main term, we pass to the infinite sum. To do this, we show that the
error of the remaining terms grows slowly (O (%) ):

= u(d) = u(d 1
S =Y TR = g (y)

1<d<t d=1 d>t d=1

This is done by comparing to the integral. We have that
— 1 — u(d) — (1xp)(n)
d=1 d=1 n=1

which can be seen because the series on the LHS absolutely converge, so we can
rearrange, yielding

£a)(E5)-5 2 ai

—Z ) )

dy,d>
d1d2—n

1
:;nz(]*

15



1.15. The relationship between ¢ and o Pramana

2

Since 1% p = b, the RHS is equal to 1. Finally, we note that }_3°; é ={2) =%,
SO rearranging gives us
i wd 6
a2  nZ
=1
Plugging this back gives us the result. O

Theorem 1.26 implies that
Pr (a lattice point in (0, t)? has coprime Coordinates>
o 6
—W(t)/ [#] =% 2 ~ 0608
T

1.15. The relationship between ¢ and o

Let o = o3.

Theorem 1.27
There exists a constant C > 0 such that

o(n)p(n)

C<
2

<1

foralln > 2.

Proof. Letn =p{' ---pg*. Recall that

1— —a—1
o) =n 52+
pn P

1
= | |1——.
é(n)=n -

pin

Therefore,

= C. L]

Remark 1.28 (Equivalent formulations of the Riemann hypothesis (RH)). If you don’t
know what the Riemann hypothesis is, come back to this after we state it. This is just
to show that this problem is relevant to asymptotics we are currently studying.

16



1.16. Chebyshev’s theorem on the distribution of primes Pramana

(Gronwall, 1913) Proved limsup, % =e".

(Ramanujan, 1915) RH = for all sufficiently large n, o(n) < e"nloglogn.
— The largest known violation is n = 5040.

(Robin, 1984) ~RH = there are infinitely many n such that o(n) > e loglogn.
- Moreover, RH = o(n) < e¥loglogn holds for all n > 5040.
— Therefore, RH is equivalent to o(n) < e¥loglogn for all n > 5040.

(Nicholas, 1983) For k > 1, consider the primorial Ny = py - - - k.
- RH = forallk > 1, $(Ny) < e YN/ loglog Ny.
- “RH = there are infinitely many k violating the above inequality.

1.16. Chebyshev’s theorem on the distribution of primes

Definition 1.12

Let 7t(x) == #{p < x : p is a prime} be the prime counting function.

Since there are infinitely many primes, we know that m(x) — oo as x — oco. The

(x)

X/logxﬁ1asx—>oo

tamous prime number theorem says that

1.16.1. A proof of the infinitude of primes

Theorem 1.29

—1
20 % and [ [, <1 — %) diverge. In particular, there are infinitely many primes.

Proof. Let

( )

If there are finitely many primes, then it is impossible for either of these functions
to diverge. For 0 < u < 1, the geometric series formula gives

T-w ' =1+ut+u+-->T+ut+u?+---+u™
Therefore, for some fixed m,
1
x)>JJ (1 -+p—m . (1.2)
p<x

If 2™ > x, then for each n < x, it can be factorized into (not necessarily unique)
primes whose exponents are less than m. By expanding the product in (1.2) into

17



1.16. Chebyshev’s theorem on the distribution of primes Pramana

a sum, we note that each term is positive, and % is one such term. Therefore,
)>Y -
X —.
n
n<x

But as x — oo, the RHS diverges.
For S(x), we use the Taylor expansion

1 uw? ol

which implies

1 1 u
log (1_u> ) (w2 ) ~ 20—

Therefore,

log(P( Z log ( —p_1> .

p<><
p<x 2 plp— 1
<Y 2 nm—1)
n<x
= % (telescoping)
Combining this with the bound
x|+1 1
>Z>J adu>logx,
n<x
we get that
S(x) > logP(x) — % > loglogx — >
which diverges as x — oo. O

1.16.2. Chebyshev’s functions

18



1.16. Chebyshev’s theorem on the distribution of primes Pramana

Definition 1.13
January 28, 2026 Chebyshev’s functions & and 1 are defined for x > 0 as follows:

d(x) = Z logp,

p<x

P(x) = Z logp.
P

m<x

The sum in the definition of the 1 function is over all prime powers < x.

Another way to write the \ function is in terms of the van Mangoldt function (1.1):

P(x) =) Aln).

n<x

In fact, we have that

eg(x] _ Hp, ell’(X) — 1Cm(],2,...,n = LXJ)

p<x

Note that p™ < x < p < x1/™ 5o
W(x) =9(x) +9(x""H) +9(x"3) +---

Moreover, we note that the highest power of p that could divide |x] is Ugg;J
Therefore, since log p appears once in the sum for {(x) foreach 1 < k < Ugg;J ,
- log x
) =) LO . pJ logp (13)
p<x
Lemma 1.30
Let
{; = liminf m(x) , L; = limsup m(x) ,
x—oo x/logx x—oo X/logx
{, = liminf w, L, = limsup w,
Xx—oo X X—00 LS
{3 = liminf M, L3 :=limsup M
x—oo X X—00 X
Then E] = 22 = eg and L] = Lz = Lg.

Proof. It's clear that 9(x) < U (x). Moreover,

lo
P(x) < E log;j -logp = logx E 1 =m(x) logx.
p<x

p<x

19



1.16. Chebyshev’s theorem on the distribution of primes Pramana

Therefore,
B(x) <P(x) < n(x)logx.

Dividing by x and letting x — oo, we get
L <L3<L.

We’re now done if we show that L; < I,. Let x € (0,1) and let x > 1. Then
d¥(x) > Z logp,
x*<p<x

SO
¥(x) > a(logx)(m(x) — 7t(x*)).

Since mt(x%) < x*%, we have
¥(x) > am(x)logx — ax*logx,

which implies
% > om(x) =
X X X

1 1
ogx _ logx

Since « € (0,1), (logx/x'~*) — 0 as x — co. Hence,
L, > «l;.

Taking « — 1 gives us L, > L, finishing [y = [, = L.
A similar proof follows for {; = {, = {3. O

Theorem 1.31 (Chebyshev)
There exists constants 0 < a < A such that for sufficiently large x,

(x)
x/ logx <A

a<

Hence, t(x) < lo’g‘x.

We will prove a < log2 and A > 4log 2. The proof will be elementary, only making
use of Lemma 1.30, arithmetic, and basic bounds.

Proof of Theorem 1.31. We want to show that {; > log2 and [; < 4log2. By

Lemma 1.30, it suffices to show that (a) {3 > log 2 and (b) L, < 4log?2.
We consider the numbers
B, = .
n

You might recognize these are the Catalan numbers: -1 (°") timesn + 1.

20



1.16. Chebyshev’s theorem on the distribution of primes Pramana

Lemma 1.32

Forn € Z-,,
1
o 22n B 2211‘
i SonS
Proof (sketch). Expand 22" = (1 + 1)?™ with the binomial theorem. For the

upper bound, just take the (ZTTL‘) term. For the lower bound, note that (2]?) is

maximized when k = n.

We say that a prime p divides n exactly k times if p* | n but p**! { n. We write

For more Vp(n) = k.
information, see
p-adic ,
Lemma 1.33 (How many 0's are at the end of m!?)

valuations.

Let m > 0. Then

m m
- 3] -

Proof (idea). m = 1-2..-m. How many of {1,2,..., m} are divisible by
p exactly 1 time? 2 times? The sum of these numbers is what’s written
above. Now suppose p divides k € {1,..., m} exactly a times. Show that k
is counted a times in the sum. O

First, we show L, < 4log2. First, note thatif n < p < 2n, then p | B,,. From
this, we get (using our bound on B,, in Lemma 1.32) that

(1.32) 9
¥(2n) —d(n) = Z logp <log(Bn) < log(2°") =2nlog2.
n<p<2n

Let m = 2% Then we can write d(m) as a telescoping sum as follows (noting that
¥(1) =0):

B(m) =) 9(2%) —9(2" ")
k=0

a
<) 2-2%"log2
k=0
= (27 —1)log2.

Now suppose x € [2¢,2%"1). Then

S(X) ﬁ(zaﬂ) a+2 _ 1
< < .
S 1 = o log 2

Taking x — oo (and hence a — oo), we get our desired bound.
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1.17. Bertrand’s postulate Pramana

Now we show {3 > log 2. If n is an integer, then note that the prime factors of
B, are < 2n. Therefore,

log(B Z Vp(Bn)logp = Z (vp((2n)!) — 2vp(n!)) logp,
p<2n p<2n
where we are using the fact that vy(ab) = vp(a) + v, (b) and B, = % By
Lemma 1.33,
n
Z (vp((2Zn)!) = 2vp(nl)) logp = Z Z ({ J L kJ)logp,
p<In p<2nk>1 p

Note that LZJ—’,}J -2 L%J € {0, 1} (this follows from the more general fact that

|2x] — 2 |x] € {0, 1} for x > 0). In fact, when p* > 2n, this value is zero. There-
fore, we have a bound

= £ (2] | 2 122 e

p<2n k>1 p<2n

Noticing that the RHS is the formula for \(2n) in (1.3), we have

$(2n) > log(By) 'S 10g< 22“> — 2nlog2 —log(2n+1).

2n+1
Dividing through by 2n, we get

P(2n) - log2— log(2n + 1).
2n n

Now suppose x € [2n,2n + 2). Then

P(x) - P(2n) 2n+2 log(2n+1)
X Z2n~|—2>( 2n ><log2— n )

Taking x — oo (and hence n — o), we get our desired bound. O

Remark 1.34 (The Erdés-Selberg dispute and an elementary proof of the prime num-
ber theorem). If we prove a = A = 1 in Theorem 1.31, then we prove that 7t(x) ~
log ~» which is the prime number theorem. In the mid-1900s, this result was proved
with elementary methods—a breakthrough because all previous proofs of the results
used complex analysis. A dispute arose between Paul Erd6s and Atle Selberg for
who actually created the proof. See https://www.math.columbia.edu/~goldfeld/
ErdosSelbergDispute.pdf.

1.17. Bertrand’s postulate

Theorem 1.35 (Bertrand’s postulate, proved by Chebyshev, 1852)
If n is a positive integer, then there is a prime p such thatn < p < 2n.
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1.17. Bertrand’s postulate Pramana

We leave the proof for n < 64 up to manual checking.
For all larger values of n, we will show that 3(2n) —9(n) > O for alln € Z.,. First,
we prove the bound

n

log(Bn) <9(2n) —d(n) +9 < 3

) —mn(v2n)(log2 —log2n).
At the moment this expression seems random, but we’ll motivate how to derive it in
the proof.
Once we have this fact, we can rearrange terms to get
2n

9(2n) —9(n) > log(By) — o <

3 > —I—Tt(\/ﬁ)(logZ—loan).

In order to bound the RHS below strictly by 0, we need a lower bound on log(B.,),
and an upper bound on 9 () and 7(v/2n)(log2 — log2n) (since log2 —log2n is
non-positive). To do this we make use of the following lemmas:

Lemma 1.36

Forn > 2,
1 Bn 1

Proof. Note that

B, (@n)t 1-2---2n 1.3 (2n—1)
2 (22 (2-4---2n)2 0 2-4---2n
For the upper bound,

1 1 1
(-2) (-a) (-am) <
as the product of elements in (0, 1). Note that
(=2) (-2) (=) - () () - ()
22 42 (2n)?2 ) 42 (2n)?
3-5 2n—1(2n+1)
-(2) (F) - )
)

2
=2n+1) (

n
22n

So
B, 1 1

— < < .
20 T /Int+ 1 /2n

For the lower bound,

1 1 1
@‘y>@‘w>“@‘wvwﬁ<h

23



1.17. Bertrand’s postulate Pramana

as before. Then
AV AT 1 (P (1Y (@n—1)P T
(‘ﬁ)( _52> (‘(zn—m)‘( 32 )( 52 ) < (2n—1)2 )
2-4 4.6 (2n—2)(2n)
<2> <52>< (an—1)2 )
2

So

Corollary 1.37

Forn > 1,
¥(n) < 2nlog 2.

Proof. We proceed by (an interesting form of) induction. This holds forn =1, 2.
We now show that if it holds for n, then it holds for 2n — 1 and 2n.!
Consider the quantity

]B 1 /2n\ (2n)!  (2n-1)!  /2n—1
2 n_2<n> S 2n(n—Tn!  (n—1)n! _<n—1>'

We note thatif n < p < 2n, then p | %Bn. Therefore,

9(2n—1)—9(n)= [ logp <log(Bn/2).

n<p<2n

By induction hypothesis and Lemma 1.36,

¥(2n—1) < log(Bn/2) +9(n)
< log(Bn/2)+ 2nlog2
=log(Bn) —log2+ 2nlog2
<2nlog2— %loan—logZ—i—anogZ
=2nlog2— %(logZ—l—logn) —log2+2nlog?2
<4nlog2—2log2
=2(2n—1)log 2.

Since 2n is not prime forn > 1,

9(2n) =9¥(2n—-1) <2(2Zn—1)log2 < 2(2n) log 2. O
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1.17. Bertrand’s postulate Pramana

IDraw a tree of implications/try to prove that this induction scheme leads to a proof for all n.

Lemma 1.38
Forn > 8,
n
< —.

Proof. For n = 8,9, there are 4 primes: 2,3,5,7, which is less than or equal to
half of the numbers up to n. For any m > 4, {2m,2m + 1} contains at most 1
prime, 2m + 1. Therefore, it is impossible for more than half of the numbers in
{1,...,2m}or{1,...,2m + 1} to be prime. O

Proof of Theorem 1.35. We are going improve our bounding technique for log(B)
from the proof of Theorem 1.31. We have

SRS o [ UL

p<2n k>1

We first eliminate terms in the inner sum where k > 2. If pz > 2n, then B—’QJ =

L%J = 0, so there is no contribution. Therefore, we may split the sum into

primes < v/2n and primes v2n < p < 2n. For the latter, we have the sum

s (3]

\/27n<pSZTL
Note that [%‘J -2 BJ =1, if and only if % € [%, 1) + Z, if and only if
P

ne[z,p)u[

3p

Motivated by this, we split the sum into
2n n
0 £ (32l
VIn<p<in U T P
> logp,

a= 2 (1510

%n<p§n
\; J
P

(k3

n<p<2n

—2 log p.
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1.17. Bertrand’s postulate Pramana

Since ( L?“J -2 L J ) € {0, 1}, we have the crude bound

5, <9 (23“> —9(vV2n) <9 (2“) —n(v2n) log 2.

Since 2 T <PpPEIN = p<n<2p,L J—ZL%J = 0 for all such p, so
I, =0.

Finally n < p < 2n & g <n < p,so L%‘J —ZL%J = 1 for all such p.

Therefore,
23 =9%(2n) —9(n).

For the remaining terms, which we define as 1,4,

(= BT

p<vIn k=1

we make use of the fact that once k > [Ifog;;l J then LP—T,}J -2 L%J = 0. Then

log 2n
< o
S ) Long ek
p<+v2n

log 2n
> logp 1087

= n(v2n)log2n.
Therefore,

log(Bn) =1+ L+ X3+ 24
n

<9(2n) —9(n )+19< -

> —n(v2n) (log2 —log2n).

We now show that this suffices to prove the claim for n > 64. [TO FINISH...
some calculus] O
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2. Complex analysis preliminaries and more basic results Pramana

2. Complex analysis preliminaries and more basic results

2.1. Infinite products

February 4, We say that [ [77; an, where a,, € C converges if

2026
N
lim a
N—oo H "
n=1
exists.
Wessay that [ [”; a, converges absolutely if for all bijections 0: IN — IN, [ [} agm)

converges.

Lemma 2.1

[ 132 an converges absolutely <= Y 7 |a, — 1| converges.

Proof. ( = ) It’s easy to see that } | log(a,) also converges absolutely. [add
proof?] Since log(a,) — 0, an, — 1. Let |a, — 1| be sufficiently small so that

|log(an)| > clan —1|.

Such a c exists by Taylor’s approximation theorem. Therefore, comparing ) ., |log(a,)|
and ), |a, — 1|, we have that the latter converges.
(&= ) We have that

_1\2 13
log(ax) = log(1 + (an — 1)) = (an—1) - Cn 0l 210,

We may assume that |a, — 1| < 1 for all n by cutting off finitely many terms at
the beginning. The above equation becomes

log(an) = (an —1) + O((an —1)%).

Therefore, ), [log(ay)| converges, so ) ., log(an) converges absolutely. Let o be
any bijection of N. Then } | log(as(,)) converges. Exponentiating, we get that
[ [ ag(n) converges, as desired. O

Definition 2.1

Let U C C be a domain (non-empty, open set), and fy,, f: U — C be functions. We
say ) , fn converges normallytofonS C Uif ) | f, — f pointwise, and

Zsup{lfn(z)\ 1z € S} < 0.
n=1

In particular, this condition implies that forall z € S, ), fn(z) converges absolutely,
and that YN, , converges uniformly to f on S.
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2.1. Infinite products Pramana

Definition 2.2

Let U C C be a domain and fy,, f: U — C be functions. We say ), fn converges
to f locally normally if for all z € U, there is an open neighborhood V; > z such
that ), f, converges normally to f on V,.

Equivalently, ) ., fn converges locally normally to f if and only if for all K C U com-
pact, ), fn converges normally to f on K.

Theorem 2.2 (Weierstrass)

If (fn) is a sequence of holomorphic functions and f = ) f, converges locally
normally, then f is also holomorphic and

r=yn,
n
with this convergence being locally normal. Moreover, if v is a curve, then

J f(z) dz:ZJ fu(z) dz.
v

n Y

Theorem 2.3 (Cauchy-Hadamard formula)
If ), cnz™ has radius of convergence R, then

R~ =1lim sup len /™.
n—oo

Theorem 2.4 (Abel's convergence theorem)

If } . cnz™ has radius of convergence R, then for all 1 < R, } | cnz™ converges
normally on B, (0) and locally normally on Bg(0).

Definition 2.3

If (f,) is a sequence of holomorphic functions on U C C, we say [ [, (1 — fn(z))
converges locally normally on Uif } | f(z) converges locally normally.

When this condition is satisfied, then [ [,,(1 — fn(z)) defines a holomorphic function
F(z) on U which is stable under rearrangement and satisfies

logH(1 —fn) = Zlogﬂ —fn) (mod 2miZ)

IOt = 3 TT0 —fale (),

n k=1 n#k
28
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Note that these facts imply the log derivative is given by

F'(z) s —fp(z) d

L 1—f(z)  dz log(F(z)).

2.2. Abel summation

Theorem 2.5 (Abel)

Let 0 < A; < A; < --- be a sequence of real numbers such that A, — oo and let

(an) be a sequence of complex numbers. Let A(x) = Y anandlet$: R>p — C
Anngx

be any function. Then

=~

—1

k
D and(An) =AAIOA) — D AR (GAni1) — d(An)).
n=1

1

=
I

Moreover, if ¢ has a continuous derivative on (0, o), then

3 andlh) = ARIBX) — | A1) dt.
)\nngx !

Notice these expressions look a lot like integration by parts, hence why this technique
is sometimes given the name summation by parts.

Corollary 2.6
If A(x)$p(x) in Theorem 2.5 tend to 0 as x — oo, then

> and() == [ AW ()
n=1

A

2.3. Applying this to ((s)

Theorem 2.7
The log derivative of the Riemann zeta function satisfies

ON P

(s) 1 xSt

Proof. Recall that

d(s)  « A
) T
Set A, = n, ap = A(n), and ¢(x) := x % in Theorem 2.5. In the notation of
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2.4. Mellin transforms Pramana

Theorem 2.5, we have that A(x) = {(x). Note that P(x) - x5 — 0 as x — oo for
Re(s) > 1. Indeed,

(1.30,1.31)
lim sup 11))(?) < 4log2

X—00

(another way to see this is that P(x) < 7(x)logx < xlogx). Then apply Corol-
lary 2.6. O

2.4. Mellin transforms
Definition 2.4
Let f: R-o — C be a continuous funtion. For s € C, the integral (if it converges)
0 dt
J f(t)t* —
0 t

is called the Mellin transform of f at s.

Remark 2.8. If we consider R as a semigroup under multiplication, then % is an
invariant measure on this semigroup. This is analogous to dt being an invariant mea-
sure for R under addition.

For a fixed s € C, the function t — t* = esl°8t js a quasi-character, i.e., a homomor-

phism from R to C*. Therefore, one considers the Mellin transform as analogous
to the Fourier transform but for the semigroup (R-o, X).

Example 2.1 —

dx

X

LI L P

In other words, —]g . CC/((;)) is the Mellin transform of \» at —s.

Theorem 2.9

lim inf mix) im s mix)
x—oo x/ logx ‘oo X/ logx’

Hence, if a limit exists, then it equals 1 (this is the prime number theorem).

Proof of Theorem 2.9. By Lemma 1.30, it suffices to show
liminfM <1 <limsup v(x)

X—00 X X—00
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2.4. Mellin transforms Pramana

Set
{ .= liminf M, L = limsup M
X COE X X—00 X

Let f(s) == — CCI((:)) be the log derivative of ¢ and let

¢ =liminf(s —D)f(s), L' :=limsup(s —1)f(s).

s—1 7]

To prove the result, we show that { < ¢’and L’ < L, then show that{' =L' =1.
We first show L’ < L. For any B > L, we have {(x)/x < B for all sufficiently
large x > xo(B) > 1, where xo(B) is some constant. For s > 1,

[ )

f(s) =s e dx

<s- o wix) dx+s- ro Lltd dx
P x$5+1 xo(B) xS

<s- PXO(B)II)(X)dx+s-JOO de
J1 x? xo(B) X*
rxo(B) P(x) Bs

=5 d .

S I 2 X+ s 1

Noting that the integral is a constant only depending on B, call it K, we have
f(s)(s—1) <s(s—1)K+ Bs.

Taking s — 17 we get L’ < B. Since B was arbitrary, L’ < L.
We now show { < ¢’. Similarly, let b < ¢, so {(x)/x > b for all sufficiently
large x > xo(b) > 1. Then

[*° P (x)
f(s)zs-u] T dx
o p(x) ()
—s-“] o dx+s~Lo(b) N dx
> s lMﬂdx
o) X°
=% box(b) .
1—s

Rearranging and taking s — 17, we get £’ > b. Since b was arbitrary, { < ¢’
We now show that £’ = L’ = 1. Consider the limit

lim —(s—1)%C/(s).

s—1+
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For s > 1 and x > e, x *log x is decreasing, so

We perform a change of variables with x*™! = eY, soy = (s —1)logx, dy =
(s—1)%, yielding

“logx . [* 1 y .1 oy
L o d"‘L =1 o W= oy Jo et dy =y

Therefore, the limit described above is

lim —(s—1)%- <(12+0(1)) =1.

s—1+

We also consider
Iim (s —1)¢(s).

s—1+
For s > 1, x7* is decreasing so
o0

€9 = 1 1
—d — <1 — dx.
L s X<nZ_1n5 < —|—L N X

Thus,

which implies
Iim (s —1)¢(s) = 1.

s—1+

Combining these facts, we have that

2.5. Some formulae of Mertens

Theorem 2.10 (Mertens)

Asx — oo,

L3 < Aln) logx + O(T1).

n

2. % ey PEP =logx +O(1).

3. [ dt =logx +0(1)

4. ZPSX% = 10g10gx+ C+0 <lo]gx>'
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Proof. (1) Chebyshev’s inequality (1.31)

lim sup U'))((X) <4log2

X—00

implies P(x) = O(x). Recall that

logm! = Z {;}J logp = Z [%J A(n).

pr<m n<m

Let T = L%J + ¢n. Then

logm! = Z %/\(n) + Z en/A(N)

n<m n<m

< Y TAM)+b(m

n<m

:mZ /\ELn)jLO(m).

n<m

Dividing by m we get!

An) logm!
Ziz 8

+0O(1) =logm+ O(1).
n m

n<m

If x is an arbitrary positive real number, then

Z @ =log x|+ O(1) =logx+ O(1),
n<x

since, for example, log | x| < log2x =logx+ O(1).
)

A(n) logp
2 n T,

n<x pP<x

1 1
§Zlogp <pz+p3+)

p<x

_ logp
_Zp(p—ﬂ

p<x

logn
< Zin(n—]) < 00.

n>1

Combining this with (1) gives the result.
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)

[ [y A,

1 tz 1‘rL<t tz
*1
= Z/\(n)J 5 dt
n<x Ll
] X
-3 am ]
n<x n
— Z/\(n) <1 _ 1)
noox
n<x
-y AM) 2 AlM)
n X
n<x
zlogx—i-O(])—wiX)
=logx + O(1).
(4) Consider Abel summation with A, = pyn, an = k’g%, and ¢(x) = lo]g < We
then have (using (2))
1 logp 1 J" logp 1
- A= dt
ngxp (;c p ) logx (1; P tlogzt
=140 <1> +J (logt+O(1)) 1 5—dt
log x 2 tlog~t
:1+O( 1 >—|—J ] dt+O(1)-J ]2 dt
log x 2 tlogt 2 tlog™t
1 1 1
=1+0 <10gx> +loglogx —loglog2+ O(1) - <logx — log2)
1
=loglogx +1—1loglog2+ O <1ng>. O

! The last equality uses the following fact that we proved before:

logm! < mlogm—m+1 +%logm =mlogm+ O(m).
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3. (non-Elementary) Analytic Number Theory

3.1. Extending ( to 0 >0

February 20, Recall that we showed that ((s) = ((o + it), converges when o > 1. We will now
2026 make it analytic on o > 0, except for a simple pole at s = 1 with residue 1.
By Abel summation (2.5) with A, =n, ¢(x) = x%, an = 1, we have A(x) = |x], so

AT
Zns_ xS + L us+1d'

n<x

Since [x] /x* — 0asx — coand ), - converges when o > 1, letting u = [u] +{u},
we have

> 1 1 > {u} S * {u}
Z]’LS:SJ usdu—sJ uS“du:s—]_sL us+1du‘

Hence,

= 1 ® fu}
Zgzth_] —sL o7 du

on o > 1. But since 0 < {u} < 1, the integral absolutely and uniformly converges on
every half-plane 0 > 6 > 0 for fixed 5. We prove that the integral is analytic using
Morera’s theorem. Let y be a triangle in ¢ > & > 0. On the triangle, we have that

{uw

us+1

1

— 5+1°
"

Therefore

§ JOO ) duds

v )i ust!

absolutely converges, so we may interchange integrals to get

J f{; {t}] duds.
1 yus

is holomorphic on o > 0, the inner integral is zero, so the entire

w

Since for fixed u, "

integral is zero.

3.2. Dirichlet series

March 6, 2026 Definition 3.1
A Dirichlet series is a series )~ = where a, € C.
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Theorem 3.1

If ) 22, %2 converges for s = so, then it converges uniformly in the region

i s
{s.larg(s—so)|§ §—9<z}

fora fixed 6 € (0,5).

Proof. By replacing the series by } »°; ann % /n%, we may assume that sy = 0.
Thatis, ), a, converges.
Fix M < N. By Abel’s theorem, taking ¢(t) = t~*, we have

> ann = AMNIGN) - | Al (1) dt

M
s A(t)
<Z an> N™ J Tor dt.

For ¢ > 0, let ny € IN be such that for all N > M > n,,

Then

N g
<+|S|J —dt
mt

1 1 1
w+M€c<w—wJ
|s| 1
—WJF* Me
€ 1 1

- W—i_cos(args) h Mo
€ 1 1
_W—i_sin(%—\argsn e Mo
~— N°  sin® Mo

2 1 M—oo
SW.SiHG. 0

O

To see what this region looks like, consider Figure 2. Note that as we take 0 — T
we get convergence in a half plane. We define

o0
0p = inf {Re S: E apn=® converges} ,

n=1
where we take the convention inf @ = co. Note that:
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e IfRes < op, then ) 7, ayn~° diverges.
e If 0p = —oo, then } 7, ann~° converges everywhere.

We call oy the abscissa of convergence.

Ims

Res

)

Figure 2: Region in Theorem 3.1. Made with help from GitHub Copilot.

Theorem 3.2
Let 0 be the abscissa of convergence for the Dirichlet series ) ;” ; ann ™. Then

1. Y 24 ann® is a holomorphic function on o > oy.

2. The derivatives can be computed termwise in the region o > 0. For exam-
ple, § Y2y ann ™ =—3 32 an(lognn~.

Proof. (1) If v is a closed loop in {s : Re s > 0y}, there exists a 0 such that y C
{s:|arg(s—0p) < 5 —6} by compactness. Because we have uniform conver-
gence in this region, we apply Fubini:

J Z apan Sds = ZJ a,n Sds =0.
Y n=1 n=1"Y

By Morera’s theorem, the Dirichlet series ) 1”; ann* is holomorphic.
(2) For any holomorphic function f, Cauchy’s differentiation formula gives

£(s) 1J f(&) de,
Y

T 2mi ), (E—s)?

where v is a loop around s. In particular, if we take f(s) = > 2, ann %, we have,
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for v a sufficiently small circle around s with Res = o > 0,

where swapping the sum and the integral is justified by the fact that (a# is

)2
bounded away from zero on y by compactness, and therefore the series Y 17 ; E‘g‘_r‘;);
converges uniformly on . O

Definition 3.2

The abscissa of absolute convergence for ) -7, ayn~°, denoted G, is the ab-

scissa of convergence for ) o ; |an[n">.

Obviously, 69 > o). Let the strip of conditional convergence be the region {s : 0y < 0 < 6o}

Theorem 3.3
For any Dirichlet series, 69 —op < 1.

_ _ n—
Proof. If } °, ann~* converges, then |a,n"*| 720,80 for e > 0,

o0 [e.e]

Z |an| _Z lan| ) 1
nl+s+e - ns nlte’
n=1 n=I1
which converges because |[ayn™*| is bounded and 1 +¢ > 1. O

Theorem 3.4

If Yy 2 ,annSand ) o2, byn * converge on 0 > 0y, and they are equal on the
same open subset of this half-plane, then a, = b, for all n.

Remark 3.5. For example, if } | lan| < oo, then for any bijection 0: IN — IN the
Dirichlet series ) | asmn~° agrees with } | axn™° at s = 0, but the coefficients may
differ. We therefore see that the assumption of equality on an open subset cannot be
removed.
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Proof of Theorem 3.4. Letc, = a,, — by, and consider an1 can 5. This Dirich-
let series is a 0 on 0 > 0y, since it is zero on an open subset and both Dirichlet
series are holomorphic on o > 0. Suppose M > 0 is the minimal such index so

that cpm # 0. Then
Z can”® = Z can* =0,
n=1 n=M

SO

o0
cM ™ = — Z can”®, when o > 0.
n=M+1

If 0 > 09+ 1, then

o] o0 M o
—S < —S < . - .

MM [ < Y e Sl = feml <) leal (n>

n=M+1 n=M+1
Let ¢ > 0. Then for 0 > 0 + 1 + ¢ we have uniform convergence, so
oo o oo o
. M . M
i Y el () = 3 gmier () <o
n=M+1

This implies that [cpm| < 0, contradiction. O

Theorem 3.6 (Landau)
Let f(s) == ) 2, ann*° be a Dirichlet series such that a, > 0 for all n and oy is
finite, then s = oy is a singularity for the Dirichlet series.

Proof. Since a, > 0 for all n, the abscissa of convergence and absolute conver-
gence agree. We may also assume that o0y = 0 by replacing a, with a,n°.
Suppose that s = 0y is not a singularity. Then there exists an open ball around oy
so that ) | ayn™* admits a holomorphic extension to the union of {s : o > 0} and
the ball. So the radius of convergence of

0= =W

v!
v=0

is p > 1 (see Figure 3).
Fors >0, f(s) =) 7, ane 1o8™)'s go

(o9}
f¥)(s) = ) an(—logn)ve (8™,
n=1




March 11, 2026

3.2. Dirichlet series Pramana

which implies at s =1,

(1) = an(—logn)

7

SO

f(s) = i (s—1) i an logn i (1—s) Z an(logn)".

vl n
v=0 n=1 v=0 n=I1

If s < 0, the above sum converges and (almost) all terms are > 0, so it actually
converges absolutely. Reordering,

v=0 n=1 n=1
must converge for some s < 0, which contradicts oy = 0. O
Ims
7’ < * \\
4 \
A A p R
’ 1 \
g g ‘| ‘l R
— @ es
So = 0‘ y 1 1
N < -*- - 7 I’

Figure 3: Visualization for the proof of Theorem 3.6 showing why a p > 1 exists if f is
holomorphic around s = 0. Made with help from GitHub Copilot.

Definition 3.3

If f(s) = Y poqyann® and g(s) = Y 2, byn*° are Dirichlet series, then define
their formal product as the sum

:i (Z akbe>n s

n=1 \kl{=n

If f, g both converge on o > 0y, then h(s) = f(s) - g(s) on o > oo+ 1.
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Example 3.1 — Consider the Dirichlet series } > ;(—1 )" Tn—s. We claim it equals
(1 — 21_5) ((s) when o > 0 = 0p. If 0 > 1, then we have absolute convergence so
we may rearrange the sum to get

kel 1 1 1
=l =8 _
;(—n“ e E Tt
1 1 1 1 1
= F+§+“‘ - ?+B+g+“‘

1 1 1 1 1 1

By the uniqueness of analytic continuation, equality holds on ¢ > 0.

3.3. Dirichlet’'s theorem

For this section, I assume basic knowledge of character theory, in particular the or-
thogonality relations.

Let x be a Dirichlet character modulo m. Thatis, x: (Z/m)* — C* is a homomor-
phism, and we extend x to a function on Z by letting x(k) = x(k mod m) if k is a
unit modulo m, and 0 otherwise. The associated Dirichlet series to x is the function

L(s,x) = Z x(n).

nS

n=1

Xl < 1 soL(s,x) converges locally normally on o > 1.

Since‘ | < o5,

For a fixed m, we consider L(s,x) for X = Xuiv (Which is T if (k,m) = 1 and 0
otherwise) and X # Xtriv-

e (Case 1: X # Xtriv) Consider A(x) = anxx(n). We have that x(1)+--- +
x(m) =0, s0 |A(x)| < m. Applying Abel summation to A, =1, a, = x(n) and
o(t) = tls, we get

as x — oo when o >0

So -
x(n) < A(t)
L(SIX) = Z s = SJ] tS‘H dt
n=1
The integral converges on o > 0 because :\S(f]) < t“% Therefore, oy < 0 for

L(s,x). On the other hand, it is clear that L(s,x) diverges for o < 0, so oy = 0.
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e (Case 2: X = Xtriv) Recall that x(n) is 1if (n,m) = 1 and 0 otherwise. Then

Lis,x)= ) %

Note that Hp‘m (1 — %) is holomorphic around s = 1, whereas ((s) has a pole

at s = 1. Therefore, L(s,x) has a pole at s = 1, meaning oy > 1. On the other

hand, L(s,x) converges on o > 1 because the abscissa of convergence of ((s) is
1,s000=1.

Note that the existence of an analytic continuation of ((s) to o > 0 (except a pole at
s = 1) implies that L(s, Xuiv) also has such an extension. Therefore, we may compute

Res—1 L(s, Xtriv) =1 H (1 - p13> - d)fnm)
plm

Lemma 3.7
For all X # Xuiv, L(1,X) # 0.

The idea is that Hx L(s,x) is holomorphic near s = 1 if any of the Dirichlet series of
the nontrivial characters are zero at 1.

Proof of Lemma 3.7. Define

. - (P9
W1th the logL(s,x) = Z —log(1—p %) = Z )]i;)ks .
appropriate log P pk
branch for the
second sum, Let Q(s) = ZX log L(s,X). Our first goal is to show that Q(s) is a Dirichlet series.
elog L(s,x) —
L(s,x).
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Note that

(")
QW) =3 Y %
kp X
— 1 k
_ % T %x(v )
1
kps

I
M

k,p
pr=1(m)

where the last line is by the orthogonality relations. Set

d(m)/k ifn=pc=1 (modm),
ap =
0 otherwise,

so Q(s) = Y o2, apn* is a Dirichlet series and converges for ¢ > 1. Let h =

$(m).
If p{m, then p" = 1 (mod m). Therefore,

1 1 1
Q(S)>Z hs:Z hs_Z hs”
P P P
P

pim pim

Ifs = }11, then the RHS diverges to oo, so 0y € [%, 1] . Now consider the following

function defined on o > 1:

Q(s)?

P(s) =exp(Q(s)) =1+ Q(s) +

Note that P(s) converges at least on the half-plane that Q(s) converges on. By
gathering terms, we know that P(s) is also a Dirichlet series. Therefore, the ab-
scissa of convergence for P(s) (o}) is less than or equal to the abscissa of conver-
gence for Q(s) (G(?). For s > O'OP , we note that the Dirichlet coefficients of P(s) are
greater than or equal to the corresponding Dirichlet coefficients of Q(s) for each
n. Therefore, by comparison, Q(s) must converge. This yields of = 08.

We have the equality
P(s) =] [ L(s, %)
X

If there exists a character x such that L(1,x) = 0, then P is holomorphic on ¢ > 0,
which contradicts Landau’s theorem (3.6). O

Theorem 3.8 (Dirichlet's theorem)

If m,a € Z> are such that (a, m) # 1, then there are infinitely many primes p
such thatp = a (mod m).
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Proof. We have that

K i k
logL(s,x) = Z Z )l<<(]fk5) = Z XSZ) + Z Z >](<(§ks) :
k>1 p P k=2 p
1)

We claim that (1) converges when 0 = Re s > % Since }X(pk” = 1, it suffices to
show that
(e e] oo ]
DD jowe <
K
k=2 n=2 kn e

Since all terms are positive, it is equivalent to show

i 1
ZZ knko < €%

n=2 k=2
We have that
o0 o0 1 o0 B B
22 jome = 2 ~logll—n7)—n7.
n=2 k=2 n=2
Iqu(O,%),
u?  ud
_ —an) = € = L =, Lo«
log(1T—u) —u < 2+3 +
u?  ud
< 4 ..
=5 oy 7 +
2(1—u)
<u

For n sufficiently large, n=° € (0, %), so the sum Y 2, —log(l1—n°) —n

converges if Y °°,n~2% converges. But the latter is ((20), and 26 > 1, so our
original sum converges.

Because of this, define (1) for fixed x as R(s,x) < oo, and define R*(s) =
Zx R(s,x)x(h). Let b € Z>( such that ab =1 (mod m). Then

3 x(b)logL(s,) = ¥ 5 X2 gegs
X X P p

— Z Z X(;)Sb) + R*(s)
P X

—0
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We know that as s — 17, L(s, Xtriv) — 00. For X # Xuiv, L(s,x) /2 0Oass — 17
by Lemma 3.7. To establish that logL(s,x) converges as s — 11, we have the
formula

“T'(u,x)
log L(s, :—J 2 du+logL(c,
gL(s,x) Ty gL(c,x)
for real s,c € Bs(1) and ¢ > s for a sufficiently small 6 so that L(u,x) # 0 on
L'(wx)

all u € Bs(1). This proves the fact because T *5 is bounded on a sufficiently

small neighborhood around 1 because L’(s, x) is analytic on ¢ > 0 and L(s,x) is
nonzero around s = 1.

Since R*(s) is analytic for o > %, the sum Zxx(b) logL(s,x) diverges as s —
17,50 3 a(m) 1% must as well, implying there are infinitely many primes in thiDs
sum.

3.4. The prime number theorem

Theorem 3.9 (Hadamard-De La Vallée Poussin)
If t # 0, then ¢(1+1it) # 0.

Proof. Lets = o+ it. If 0 > 1, then

() =TT - loglle) =Y

P k,p

Note that if z = ret?,

log |z| = log |r| + log let| = log [r| = Re(log z).

Hence,

log[C(s)| = Re(log ((s)).

[T S
Q=4 ™ ifn=p™,
0 otherwise,

Set

solog((s) =) , ann~*. Sincen™* = e—(logn)-s

Re(log ¢(s)) = ) _ancos((logn) - t)n™".

Now note the identity

0 < 2(1 4 cos 0)?
=2+44cos0+2cos” 0
— 24 4cos 8 + cos? 0 + sin® B + cos” 6 — sin’ B
=3+4cos0+ cos 26,
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SO

log|C3(G)C4(G+it)C(G+Zit)\ = 3log|C(o)| +4log|C(o+it)|+log|C(o + 2it)]
= Z an (3+4cos((logn) - t) +cos((2logn) -t))n~°
n >0
> 0.

Therefore,
1(0)H(o+it) (o +2it) > 1.

We now send ¢ — 17. If {(1 +1it) = 0, then the LHS above tendsto 0 as 0 — 1,
since ¢3(o) has a pole of order 3 at 0 = 1, which is a contradiction. O

Theorem 3.10 (lkehara-Weiner)
Let A(x): [0,00) — [0, 00) be a non-decreasing function, and let

f(s) = J A(x)e ™ dx
0

and suppose it converges for o > 1. Suppose furthermore that f admits a holo-

morphic extension to U D {s : 0 > 1} except possibly a simple pole at s = 1 with

residue 1. Then

Iim e *A(x) = 1.
X—00

Thatis, A(x) ~ e ™.

Remark 3.11. This is an example of a Tauberian theorem. The idea here is that if I is

the integral operator
o0

A(x) — L A(x)e ™ dx,

then knowing information about I {A} gives information about A.

Theorem 3.12

The following are equivalent:
(@ ¢(1+1it) #0fort € R%,
(b) Limy oo W(x)/x =1,

(c) limy—o0 (x)logx/x =1,

(d) limy—y00 pn/Mlogn =1, where p,, denotes the nth prime.
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Proof. ((b) & (c) (sketch)) Follows from the reasoning given in Lemma 1.30.
For example, ((c) = (b)) follows from the proof because it shows that
L3<L =1, L3> al; =«
<4 =1, b3 > oy = «,
for x € (0,1), so taking x — 1 we get L3 =03 =1.
((c) = (d)) We proved this on the homework. The problem is as follows:

Exercise 3.1. Let p,, denote the nth prime.
(a) Show that 7t(pn) = n.

(b) Using mt(x) show that

~ X
logx”

n~ P
log pn

(c) Deduce that
Pn ~nlogn.

[Hint: first show that logn ~ log pn.]

((a) = (b)) We will want to apply Ikehara-Weiner (3.10). Let A(x) = (e*) =
> n<ex A(M). Then

f(s) = hooA(x)e_Xs dx

Jo

= Plee™ dx (u=¢Y)
0
(%% P (u)

:” ust! du

)

o s(s)’

is meromorphic on o > 0.
Recall from complex analysis that if m is an integer and f: C — C is a function
that can be written as

f(s) = (s —s0)™g(s),

where g(so) # 0, then its log derivative can be written as

i) _ m  g'ls)

f(s) s—so gls)’

Therefore, the log derivative has a pole at s if and only if f has a root or pole at

So-
Since ((s) has no roots on {1 +1it:te ]RX} by assumption, —'(s)/s(s) is
holomorphic on this line.
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By Theorem 3.10, A(x) = P (e*) ~ e*, which implies that P (x) ~ x.
((b) = (a)) Assume that {(x) ~ x. Then

ACTEN b

((s) poxst

Let

DO(s) =

J(s) 1 —J“")(")"‘dx.

Csl(s) s—1 ) xSt
For ¢ > 0, let xo € R be such that x > xq implies (p(x)/x—1] < ¢ =
[p(x) —x| < ¢|x|. Then for 0 > 1,

J°°1|)(X)—X

1 x$+1

SJOO|¢(X)_X
1

xS+1

_ JX‘) e =X 4 4 ro = dx

1 Xz X0

[D(s)| =

dx‘

dx

<K+L,
o—1

for some constant K > 0. Hence,
[(o—1)D(o+1it)] < K(o—1) + ¢,

which implies
lim|(c—1)® (o +it)] =0.

o—1

Since 0 — 1 = (0 +it) — (1 +1t), {(s) has no zero or pole at 1 + it.

((d) = (c)) Let (xn) be a sequence such that p, < xn < pn41. Then7(xn) =n.
Since pn ~ nlogn, pni1 ~ (n+1)log(n + 1) = nlogn. Therefore, x, ~ nlogn,
SO Xn ~ T(Xn) log 7(xy).

Claim 3.1. log 7t(xn) ~ log xy.

Proof. We use the fact that if a,, ~ b, are sequences going to infinity, then

log b, = log a, + log <2‘n) ,
HL/

n—oo

—log 1=0
so log by, ~ log a,,. Since xn ~ 7t(xn ) log 7(xn ),
log xn ~ log mt(xy) + log log 7t(xn) ~ log 7(xn),

“"
~

where the last is justified by the fact that log 7t(x, ) ——— co. |
Hence, X, ~ 7t(xn) logxn = 7(xn) ~ xn/ log xn.
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We now prove that this implies n(x) ~ x/logx. By Chebyshev’s theorem

(1.31), 7 logx converges. If (x;,)n is any sequence that tends to oo, choose some
(increasing) subsequence (xé(n)) such that, for each m > 1, [pm, Pms1) con-
tains at most one x/, Then (x/ o(n )) is some subsequence of some (x,) satisfying

Pn < Xn < Prai- Because, 7t(Xn) ~ xn/ log xn, we have

o)’ 108 Xo(n)

But since <7 l(o;x

must also converge to 1, meaning 7t(x) ~ x/ log x. O

converges, and we have proved a subsequence converges to 1, it
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A. Some Fourier analysis

March 13,2026 The main point of this section is to prove the Ikehara-Weiner theorem (3.10) and give
some prerequisites to prove the analytic continuation of ((s) to C, which we prove in
the next section.

A.1. Pre-measure theory Fourier analysis

There are various notions of the Fourier transform:

e If f: R — C, then we define

(&) = JOO f(x)e 2 dx.

e If f: R — Cis periodic, thatis, f(x + 1) = f(x) for all x € R, then we define

1
f(n) ::J f(x)e 2™ dx.
0

Since f is periodic, it makes sense to talk about f as a function on S =
R/Z. If you do know measure theory, we can give S' the pushforward
measure under the map [0, 1) — ST: t — 2™t where [0, 1) has the standard
Lebesgue measure.

o If f: Z — C, then we define

f0) =) f(n)e?™m.

nez

* (Not exactly a Fourier transform but still related) If f: R.y — C, then the
Mellin transform is given by

f(&) = J:O fx)x %.

Remark A.1. The general trend is that the groups R, S', and Z are all locally compact
abelian (LCA) groups. For any LCA, G, we can consider the continuous homomor-
phisms
& G—-R/Z.
These form a group, which we call the Pontryagin dual of G, denoted
For example, we can show that R = R,R/Z =S' and S" = R/Z. As the word

dual suggests, G = G naturally. This is known as Pontryagin duality.
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A.1.1. Fourier analysis on R

We start with Fourier analysis on functions f: R — C. For this subsection (though not
for the next subsection) we say a function f is in L' (R) if it is integrable and

J If(x)] dx < oo.
We define the Fourier transform of fat £ € R as
SO =0 = | e

Since f € L' and |e 2™ = 1 for all x, & € R, the above integral converges for all
EeRR.

Lemma A.2 (Fourier transforms decay quickly)
If f: R — C is smooth and f™ is in L' (R) for all n, then

&) < e |||
— 0 (Je ™).

Proof. Foralln, f™ e L', so

™ (x) — £V (0) = J

£t (1) gt 2222 JOO £+ (1) dt.
0

0

Therefore, ™ (x) converges as x — oo. But £ js in L only if fM(x) — 0 as
Ix| — oo. Therefore, by repeated applications of integration by parts,

f(&) = Joo f(x)e ™ dx

f(x)e—zmxa S 0 f/(x)e—zmxa [eS) f/(x)e—zmxi
S LA S A B

27ixé, oo 2mié oo 2mié,

oo £(n) —27mixé,
= (=1)" J e ™ 4

oo (2miE)M

Taking the absolute values of both sides and noting that [e"™"™¢| = 1, we get the
result. O

This motivates the following definition:
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Definition A.1
A function f: R — C is Schwarz if

oMf(x) =0(x™™)

for all n, m > 0. We denote the space of such functions by &(IR).

Similarly, the space of all 1-period smooth functions is denoted &(IR/Z), and
the space of all functions f: Z — C such that f(n) = O(n|™) for all k > 0 as
S(Z2).

Lemma A.3
If f € S(R), then f € S(R).

Proof. We have that

~ ~

— [O° —2mixe __ )
M — f(x) <e1> eflmxé b
& J-oo €
= f(x) (—27rix + O(xzs)) e 2mxE dx
= —2mixf(x)e 7E dx + J O(x%e)f(x)e 2™ dx.

Let ¢ — 0. Then since f is a Schwarz function, the second integral tends to 0,
and the left integral tends to §(—2mixf(x))(&). Since —2mixf(x) € S(R), (&) =
§(—2mixf(x)) converges everywhere. By Lemma A.2, (&) = O(J&™) for all n.
Repeating the procedure above with f’ shows that the second derivative exists
and satisfies (&) = O(|§|™) for all n. By induction, fe S(R). O

A.1.2. Fourier inversion

Lemma A4
March 18, 2026 If f,g € S(R), then
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Proof.
J | <J f(y)eZ“‘U*dy) o) ok
R JR R

_ (J fy)g(x)e 2w dy) dx
JR R

= | f(y)gly)dy.
JR

The only part we need to justify is applying Fubini to swap the integrals from
the second to third line. We can do this because

j j 1) g (y)e 2 dy dx — J j 100 - lg(y)] dy dx
R JR R JR
=J |f(x)|dx-j lgCy)l dy
R R

= Il - Niglly - m

One particular Fourier transform will be particularly important to the analytic con-
tinuation of ¢ to C and to proving Fourier inversion: the Fourier transform of the
Gaussian.

Lemma A.5 (Fourier transform of the Gaussian)
Suppose t € R, and set

f(x) = e ™,

Then R ,
fi(8) = e ™/t V.

Proof. We have the relation
)= [ emirimax

_ e—nuZ—ZTIiu(%) dl (u _ X\/E)

o Vit

Therefore, it suffices to prove that
fi(g) =

We will use complex integration over a certain contour. To figure out what
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function to integrate over, note that
X2+ 2ixE = (x +iE)% + &2,
Therefore,

N * —7x2—2mixE, —mE2 * —m(x+i&)?
f1(&) = e dx =e J e dx.
—0Q

—00

Our goal now is to compute the blue integral.
Consider the contour below:

Imz
—R+1i& IR R +i&
F4/R rZ,R
R
—R M R oF

Let f(z) = ¢~ Then the complex integral of f along I'l g is

R
J f(z)dz = J e TOHE? gy
FLR —R

SO oo
lim J f(z)dz = J e TOHE? gy
r],R —00

R— o0

Since f is holomorphic,

(Jﬁ,k + LZ,R + er + Ju,R) f(z) dz = 0.

We first show there is no contribution from the integrals over I and 4. On
MR, fort €00, &],

f(Z) _ e—ﬂ(R+it)2 — |f(Z)| _ e—ﬂf(Rz—tZ) < e—n(RZ—E,z)

Since {(T;r) = & is constant, and e T(R?—E?) Roeo, 0, there is no contribution from

the integral over I’ g. The same reasoning words for I'; g. Therefore,
R sg)2 R 2

lim J e BT dyx = lim J e ™ dx =1.
—-R —-R

R—o0 R—o0

Therefore, f1(&) = e e d
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For ¢ > 0, define
ge(t) = e ™/ /e,
Pelt) = e ™,

By Lemma A5, g¢(t) = &)\g(t). Also note that

J be(t)dt =1.
But, looking at graphs of the function g, as ¢ — oo, we notice that it “spikes” more at
t = 0. Therefore, we should view g, as approximations of the Dirac delta function at
t = 0. We'll want to show, for any f € S(R),

limJ ge(t)f(t) dt = £(0). (A1)
e—0 ) _

On the other hand, ¢, seems to “spread out” as ¢ — 0, and begins to look like a
constant function that is 1 everywhere, so we would hope that

o

lirnro de (1) (1) dt:J f(t) dt (A.2)

e—0 J_ — oo

forany f € S(R).

Theorem A.6 (Fourier inversion)
Suppose f € S(R). Then

f(x) = JOO flE) et de,

—00

Proof. We claim it suffices to prove this result at x = 0. Indeed suppose it holds
for x = 0 and let T, be the operator sending f(x) to f(x 4+ a). Then

T f(&) = J f(x + a)e 2™ dx

_ G2mika J = Fu)e2muE gy = 720 )
_ ezmaa]?(_;
Therefore,
@) =Taf0) = | Tarerde = [ foeede,

Therefore, we show that
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If we prove the equations (A.1), (A.2) above, then

We prove these equations with basic analysis.
[TODO: finish the proof] O

Proposition A.7 (Plancherel’s formula)
Let f € S(R). Then

ro )2 dx = ro FlE)P de.

—00 —00

Proof. Consider g = f. Then

| o= o= | i
R R R

So it suffices to compute the LHS. By Fourier inversion,

60— Joo Fle)e 2 g — Joo fle)erming 4, A9 T, O

—00 —00

A.1.3. Fourier analysis on R/Z and Z

Definition A.2
Let f € S(Z). Define
f(8) =) f(n)e ™,

nez

Let g € S(IR/Z). Define

1 o
g(n) ::J £(0)e2™° do.

It turns out f € S(R/Z)! and g € S(Z). Inversion still holds:

IThis is a fairly trivial statement, all that needs to be checked is that f is smooth.
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Theorem A.8 (Fourier inversion for R/Z and Z)
Iffe S(Z)and g € S(R/2Z), then

] o~ o
f(n) :J (8)e?™n0 dp,

g(6) = ) g(n)e .

Theorem A.9 (Poisson summation)

Let f € S(R). Then
Y fn)=) f(m)
meZ

nez

Proof. LetF,G: R/Z — C be defined by

Z f Zmne

nez

=) f(6+m).

meZ

The mth Fourier coefficent of F is

1
F(m) :J F(0)e ™™ do
0

J Z Zmﬁn m) de

eZ

_ Z 27'[19 (n—m) de

nezZ

= f(m).

—_
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The mth Fourier coefficient of G is

1
G(m) = L (Z f(0 +n)ezmm9> do

nez

rl

= (6 +n)e?™m0 4o

0

rm+1 )

— flu)e 2mmu—) dy (uw=0+n)
Jn

rn+1

= Z f(u)e 2™ dy (periodicity)

Jn

= J flu)e 2Mmu du

~

f(m).

By Fourier inversion (A.8), F and G are the same when evaluated at 0 = 0. O

A.2. Fourier analysis with measure theory

March 25,2026 The above results are enough to finish the proof of the analytic continuation of ((s) to
C. We now focus on Fourier analysis with Lebesgue measurable functions. My notes on
analysis or [ , Ch. 1-3] give an introduction to Lebesgue integration. Moreover,
[ , Ch. 8] gives a more in-depth treatment of Fourier analysis.

We let L'(IR) be the space of (Lebesgue) measurable functions f: R — C with
JrIf(x)]dx < oo (modulo a.e. equivalence). This space has the norm ||f||; = [ |fl.
The most important result is the dominated convergence theorem:

Theorem A.10 (Dominated convergence theorem)

If (fn: R — C) are a series of functions in L' (IR) that converge almost everywhere
(a.e.) to a function f, and there exists a function g € L' such that [f,| < g a.e.,

then f € L' and
lim J fn :J f.

Another result we need is

Proposition A.11

The space of compactly supported, continuous function C.(IR) is dense in L'(R).

Proof (sketch). By separating real and imaginary parts, it suffices to consider
real-valued functions. By separating positive and negative parts, it suffices to
consider positive functions. By the construction of the Lebesgue integral, it suf-
fices to consider indicator functions on E, where E is measurable.

There is a result that, for any ¢ > 0, there exists an open set U and a compact
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set K such that K C E C U, and [U — K| < . Now apply Urysohn’s lemma. [

For a € IR, let T, be the operator sending f(x) to f(x + a). Note that ||f||; = || Taf||
by the substitution u = x + a.

Lemma A.12
The action R ~ L'(R) defined by a - f := Tof is continuous.

Since any action G ~ X can be written as a map

GxX—X
(g,x) — g-x,

we say that this action is continuous if the above map is continuous.?

Proof. Note that is suffices to check continuity at 0 € R because
ITaf = Taglly = [If —glly -

Fix an ¢ > 0. Since C.(R) is dense in L' (R), choose a compactly supported g
with support in [—K, K], K > 1, so that ||f — g|| < e. By uniform continuity, there
exists a 6 € (0,1) so that [x —y| < d implies

1900 —gly)l < o

Then for |a| < §,

&

ITog—Taglh = llg—Taglh = | I96x) = gix+ aldx < 2(K-+8) - <

Let f = X|q 1) be the indicator function on [a, b]. Then

b
f(&) _J e 5 dx
a
{W ifE£0,

b—a if £ =0.

One can check that f is not discontinuous at & = 0, so, while f is certainly not
continuous, f is.

2Note that G must necessarily have a topological structure to be talking about continuity!
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Theorem A.13 (The Riemann-Lebesgue lemma)
If f € L'(R), then
(a) fis continuous,

(b) f(&) — 0asé — oo,

© [[flloo < [I£lly-

If we let Co(IR) be the space of real-valued continuous functions that vanish as [x| —

0o, then the above theorem says that FL'(R) C Co(R).
Proof of Theorem A.13. (¢)

[Floc = sup |712)
&

= sup
&

< supj [f(x)] dx
£ JR

= [If]]; -

J f(x)e 2™ dx
R

(a) Let (&) be a sequence converging to &. Then

‘ ~ ~

flen) —fl8)| <

LR f(x) [efzmxan B efzmxa} dx

gj|ﬂm«2dx
R
=2|fl;.

By the dominated convergence theorem (A.10),

lim J (x) [e—zmin — e—zmﬂ dx = J 0dx = 0.
n—oo R R

~

(b) Instead we consider —f(§):
—f(&) = —J f(x)e ™ dx
R
_ einJ f(x)e—zmxa dx
R

— J f(x)efzmx@rin dx.
R
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By the substitution u = x — 2%,

J f(x) e 2MET dx = J f <u+ 1) e 2™l du
R R 28

_ LR (Th 26 ) (We ™ du.

Hence, R R
fle) = (&) —é— (&) _ ;LR (F =Ty 0 e dx.
Therefore,
‘1?(6)‘ <1 1T =T 2e f; -
By Lemma A.12, the limit as & — oo of the RHS is zero. O

Proposition A.14
Letf € L'(R) and ¢ € R. Then

L Tof(Q) = emeef(e).

2. Let M, {f} (x) == eZ™f(x). Then

—

Ma {f}(&) = f(&—a).

Definition A.3
Let f,g € L'(R). The convolution of f and g is defined as

(f%g)(x) = LRf(x—y)g(y) dy.

We have that f * g € L' (R) because

r

If*glly = dx

J f(x —y)gly) dy
R

JRR

< J If(x —y)g(y)l dy dx
JR JR

_ (J |f(x—y)|dx> 9(y)l dy
JR R

r

=1 lIfllylg(y)ldy
R

= [Iflls - llglly < oo

This makes the map — * —: L'(R) x L'(R) — L'(R) associative, commutative, and
C-bilinear. However, it doesn’t have an identity, which we will show now.
The following proposition is proven by writing out the definitions.
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Proposition A.15
Iff,ge L', thenfxg="7-g.

Corollary A.16
L'(R) does not have an identity element under the operation .

Proof. Suppose f* g =f,so0 f-§ = f. If we take f = Xj, for some b > 0, then

fl&) =

o iEAQ,
b if & =0.

~

Therefore, f(§) = 0 < b§ € Z. But then g(§) = 1 whenever b& ¢ Z, which
implies that g(&) /4 0 as & — oo. O

A.3. Laplace transform

Definition A.4
For f € L', we define the Laplace transform of f at s € C with Res > 0 as

LAf}(s) = J:O f(x)e ™ dx.

Remark A.17. Notice that

L (xtiy) = J:O f(t)e et dt,

which is nearly § {f(t)e '}, except the bounds of integration aren’t on R.

For A < 0, if f(t)e ™t € L'(R), then the Laplace transform is also well-defined on
Res > A.

Example A.3 — For

0 if x <0,
e M ifx >0,

62



A.4. Proof of Weiner-Ikehara Pramana

we have

L{f}(s) = J:o e~ (ATsIx gy

00
ef(A+s)x

—(A+s) o
_{ I if Res > —A,

A+s
undefined otherwise.

A.4. Proof of Weiner-lkehara

We are now ready to prove Theorem 3.10.
Before we begin, we need to consider the following function:

It]
dalt) = (1 ~ o ) X

whose graph looks like a triangle, as shown in Figure 4.

1 oa(t)

—2A 2\

Figure 4: Graph of ¢ (t). Made with help from GitHub Copilot.

We also consider the following integral transform of ¢,:

ha(x) = LR d))\(t)eﬁx dt
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Note that

Jd)(t)emdt—Jo 145 e“"cltJrJZA 1 L) et gy
R o 2A 0 2A

n o 1 o n
= J e dt+ — J te'™ dt — J te'™ dt
N 23\ Joa 0

eiZ?\x o e—iZ?\x 1 1 2A e—ixl?\ e—ixZ?\ 2}\eix2?\ eixZ?\ 1
T <—xz+ x 2w &
1 eixZ)\ 4 e—ixZ)\ -2
o x2
2cos(x2\) —2
N 2Ax2
_ cos(x2A) —1
Ax?
2 sin® xA
A2

sin Ax \ 2
=2\
(5
X—00

If welet B(x) = A(x)e™*, then the theorem is the same as saying that B(x) — 1 ——
0. In theory, we would like to show that B(x) — 1 is a Fourier transform of some
function, and apply the Riemann-Lebesgue lemma (A.13).

The first issue with this is that B(x) — 1 is not even defined on x < 0, which we fix
by assuming that B(x) = 0 for x < 0 and considering B — X[y ). Another issue is that
B is not continuous, which we resolve by replacing B — X o) with

(B _X[O,oo)) * h)\.

We will show that the asymptotic behaviors of this function and B —X|g o) are related.

Claim A.1.
lim (B * hy)(y) = 2m.

y—o0

Proof. Since B is supported on [0, c0), we have that

lim (B xhy)(y) = lim Jy B(y — x)ha(x) dx

y—o0 y—o0
Y i 2
= lim J B(y —x)2A <sm7\x) dx.
y—oo |_ o AX

Taking the substitution v = Ax, the limit becomes
i Ay v\ sin?v
lemJ B(H_X)Td\)’

y—oo |
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so it is equivalent to prove that

im [ 8 (y-¥) Y av=n

y—00

—0Q

We have that

f(s) = L{A)}(s), =L{e ™} (s).

s—1

Since f has a pole of order Tats =1,

g(s) ="f(s) — T _ [,{A(x) —e*"} (s)=L{B—-1}(s—1)

s—1

is a holomorphic function on o > 1.
Let
ge(t) = g(1+e+1it)

for ¢ > 0. For now, assume that ¢ > 0. We have that

1

_ iyt — _ o —x(e4+it) iyt
> LR ge(t)e dy(t) dt > LR <Jo (B(x)—1)e dx> eV (t) dt.

We now wish to interchange the order of integration. Since A(x) is non-negative
and non-decreasing, for real o0 and x > 0,

(o) = | " Awedu > Ap | du = AU

Therefore, for o > 1,
which implies
foro>1,s0

for o > 1. This implies that
B(x)e ™ = A(x)e 1T3x = o(1)

for & > 0, meaning the integral

J (B(x) — 1)e~ (it gx
0

converges uniformly in t on [—2A, 2A]. Indeed,

(B(x) —1)e *HX| < (B(x) +1)e ™ < Ce ¥ &7,
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where the constant C is because B(x)e ™ = O(e™®¥) for some & € (0,¢). The
integral of the RHS from 0 to co converges, and does not depend on t, so we have
uniform convergence. This is enough to interchange the order of integration
because the support of ¢, is [-2A, 2A]. Therefore,

;JR (J:o (B(x) — 1)e X&) dx> eV (t) dt

_ J - (B(x) —1)e & < LR %ei(‘f")tcby\(t) dt> dx

0
J‘X’ sin? Ay —x)

L T

For o > 1, g(s) is analytic, so g¢(t) — g(1 + it) uniformly as ¢ — 0 in t on the
interval [-2A, 2A]. By the monotone convergence theorem,

dx.

[e's) < 2 _ 00 32 _
J _ex SINTA (Y —x) dx =20 J sin“ Ay —x) dx.

o & Ay—x)? o Ay—x)

The RHS clearly converges. Combining these two facts, the limit

0 BlJe™ Ay —x)?

exists. Again, by the monotone convergence theorem,

dx

lim
£—0

J"O sin? A(y —x)

dx.

lim
e—0

> o SIn?A(y —x) [ sin A(y —x)
J, B R e = | B

Therefore,

sin“ Ay — x) dx—J sin“ Ay — x) dx.

l iyt =
R O I T e T
)

The LHS is a Fourier transform, so taking y — oo, it must converge to 0 by
Theorem A.13. (1) satisfies

00 12 A 2
Ay — A y
limJ sin“ Ay —x) q v =Aly ) limJ sin defrr
yooo )y Ay —x)? yooo | o V2
Therefore,
M vy sin?v

Claim A.2. lim,_,, B(x) = 1.

Proof. We first show that lim SUpy o, B(y) < 1 and then liminf, . B(y) > 1.
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Let a,A > 0 and choose ay > a/A. By the previous claim, we have

a 22
v\ sin“v
lim su J B ( — 7> dv <,
y_,cop a Y= 2

since the integrand is non-negative. Since A(x) = B(x)e*, A(x) is non-decreasing,
so for any v € [—a, a], we have

which implies

Therefore,

a i 2
limsupj B (y — E) efza/"y dv <m
—a A v

Yy—o0

a s 2
— limsup B (y—g) e_za/AJ smizvdv <m
y—00 A —a V

Setting A = a? and noting a < yA, so %
limsupyﬂooB(y) <1
We prove liminfy o B(y) > 1by using the first part. Since limsup,_, . B(y) <

1, B(y) is bounded above by some ¢’ for all y > y, for some some yo > 0. How-
ever, on [0, Yo, we have

< y and taking a — oo, we get that

B(x) = A(x)e™ < A(x) < A(yo),

so we there exists some universal bound c of |B(x)|. Hence,

JA‘-’ B(y X) sinzvdv<CJ' Sinzvdv
—69 A V2 - v>a v2

.2
A% Simn-v
—i—J B( ——) dv.
<o TR T2

As before, B (y—3) < B (y + ¢) €**, which implies

[P s (e ) e[ e,
M<a

2
—a Vv
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combining these facts,

. 2 . 2
7t < liminf cJ S vdv—i—B <y+g> eza/)\J sin“v .}
v[>a A

y—00 v M<a V?

Letting A = a? and taking a — oo, we have that

n < liminfB(y) = liminfB(y) > 1. [ |

Yy—00 y—00
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B. The functional equation for { and analytic continuation to
C

Recall that the gamma function, defined by

o dt
I'(s) = J thet —,
0 t
for 0 > 0, is holomorphic. Note that I'(s) is the Mellin transform of e * at s.

To see that I' is holomorphic, we use the following two lemmas, which are proven
using Morera’s theorem and Goursat’s theorem.

Lemma B.1

Suppose {fn} is a sequence of holomorphic functions uniformly converging to
a function f in every compact subset of a domain ). Then f is a holomorphic
function on Q.

Lemma B.2

Let F(z, s) be a function on Q X [a, b], where Q is a domain. Suppose
1. F(z,s) is holomorphic in z for each s,
2. Fis continuous.

Then the function f defined on Q by

is holomorphic.

Theorem B.3

I is analytic on o > 0.

Proof. Let y
£
Ie(s) ::J t et dt. (B.1)
£

By Lemma B.2, I; defines a holomorphic function. We now need to show that
I converges to I' uniformly on compact subsets. We consider instead the strips
Ssm =1{z:0 <Re(z) < M}for 0 < § < M < co. Then

£ o0
IN(s) = Te(s)| < J to Te tdt +J to Te tdt.
0 1/¢
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For the former integral, we have the bound

3 3 85
J o et dt‘ < J 9 dt = —.
0 0 o

For the latter integral, note that for sufficiently large t, tM=T < et/2 Therefore,

o0 [ee] o0
J o et dt‘ < J tM-Tetdt < J e t/2dt,
1/¢ 1/¢ 1/¢

which is bounded and tends to 0 as ¢ — 0. Therefore, the convergence is uniform.
Since we did this for arbitrary strips, Lemma B.1 implies that I' is analytic on

o> 0. OJ
Lemma B.4

I has an analytic continuation to C with simple poles at s = 0,—1,—2,.... The
residueof 'ats = —mnis (—1)"/nl.

Proof. We first prove that I'(s + 1) = sI'(s) for o > 0. Integration by parts on I,
(B.1) yields

1 s 1/¢ d 1/¢ 1/¢
e /¢ <> —efe’ = J —(e "% dt = —J e 't dt+ sJ e 51 dt.
I3 . dt c .

As ¢ — 0, the LHS tends to 0. Rearranging gives us I'(s 4+ 1) = sT'(s).
To extend T, define, for o > —1,

This is defined for o0 > —1, and for o > 0,

Fi(z) = r(sj” = I'(s).

Similarly, define
I'(s+m)

(s+m—1)(s+m—2)---s
for 0 > —m. The residue computations are easy from these analytic continua-
tions. ]

r (;s> :J t8/2 et gt
0

7x, we have

Fn(z) =

Now note that

By substituting t = n’

] o0

r <25) :J nm- (nzﬁx)s/zf]e’”zm‘ dx,
0
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which implies

ths/zr <;S> ns = J'OO Xs/271e—n27rx dt.
0

Taking the sum of these over all natural numbers, we get
o0

) <ls> ((s) = ZJ XS/ le i gy

Since

o

>

(o]
n=1 0 0

o9}
Xs/271 efnzm‘ dx < Z J XcT/Zfl efnzﬂx dx
n=I
o0
1 1
= Z ﬁr <25> < 00,
n=1
we have absolute convergence, hence we may exchange the sum and integral, so
1 0 — 2
as/2r =5 g) = J x5/2-1 e T gy
28) &) =1 T;

Letting w(x) = > 7, e ™™ we have

/2T <]s> ((s) = Joo X/ T w(x) dx
2 0

:J xS/Z]w(x)dx—i-J x 2 Tw(x 1) dx.
1 1

We introduce the function 6(x) = >_° e ™™ then 0 (x) =2w(x)+1.

i=—00

Lemma B.5

For x > 0, 0 satisfies the following functional equation: o(x 1) = X2 0(x).

Before we prove this, we show why it’s useful. From this lemma it follows that

O(x ") —1  xz20(x)—1 1 xz2

—1 _ _ — - 5
wx )= 7 = > = 2+ 3 +xZw(x).
Therefore,
—s/2p (] % /21 % s/2 1 x2 1
T =s)C(s)=] x wx)dx+ | x —= 4+ — +x2w(x) | dx
2 1 1 2 2
1 1 1s—1 N
=——+ + (xz +x2 2) w(x)dx
s s—1 1
_ 1 e Ts—1 Ts—
_s(s—1)+L (xz +x"2 Z)w(x)dx
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Note that w(x) = Y 7, e T < > o0, (e7™)" = O(e ™) by geometric series. There-
fore, the integral converges for all s.

One can show on any strip Ssm for —oo < & < M < oo, the integral uniformly
converges, hence it is a holomorphic function. Solving for ((s), we have a pole at
s = 1, and the pole at s = 0 on the RHS gets cancelled out by I'. Therefore, the zeros
ono < 0ares =—2,—4,—6,... by Equation B.1. Since this agrees with {(s)on o > 1,
we have constructed the unique analytic continuation of ¢ to C.

Moreover, since s — 1 —s doesn’t change the RHS above, we have the functional

equation

D e—s)

Proof of Lemma B.5. By abuse of notation, we let 0(s) = ) ., "7 There-
fore, we are considering 0(it) = ) ., e " Note that f(x) = e™te S (R) is
a Schwarz function. By Poisson summation (A.9),

> fn)=) flm),

SO

. _ —mmm?/t _ }
(i) =) e /\/€—9<t> /Vt,
m
which proves the result, letting x = it. O

One can also consider the Riemann xi function

) ¢(s).

S

E(s) =¥/ (2

Lemma B.6
For o > 1,

Proof. We have that

JOO e*Tﬂ‘LZXXS/Z % (u :gnzx) Joo e U < w )S/Z dj — /25T (E) .
0 X 0 7?2 u 2

Note that

Z J e—ﬂnzxxs/Z %
X
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is absolutely convergent, so we may apply Fubini’s to get

o0 6(1x)—1 5/2% _Jw — —mn2x 5/2%
J( ) )x X T;e w2 4

0 0

O roo
2 dX
:Z emxxs/zi
0 X

as desired. 0
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