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Abstract

This is an expository paper on the prerequisites for Garding’s inequality.
Proposed in [[GA53] by Lars Garding, this inequality has applications in the
study of weak solutions to elliptic partial differential equations.

This will begin by introducing Lebesgue integration, a stronger form of
Riemann integration, and continue into function spaces, specifically L, and
Sobolev spaces. Then we will discuss differential operators. Finally, we will
state Gdrding’s inequality and give one application. Discussion of applica-
tions is adapted from [[RR04]].
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1.3 The Lebesgue integral 1 Lebesgue integration

1 Lebesgue integration

1.1 A motivating example

The typical Riemann integration we use works for many functions, but
not for all. Consider the Dirichlet function

J1 ifzeqQ
1Q_{0 ifx ¢ Q, (1)

on the interval [0, 1]. Since rationals and irrationals are dense in the re-
als, all upper Darboux sums will come out to 1, and all lower Darboux
sums will come out to 0. We conclude that the function is not Riemann
integrable. The Lebesgue integral seeks to give a larger space of integrable
functions, including Equation [1}

1.2 The Lebesgue outer measure
This definition comes from Prof. Rycroft and [nLa22].

Definition 1.1. For an open interval I = (a,b), let |I| = b — a. The
Lebesgue outer measure for a subset F of the real numbers, denoted
A(E), is defined as

A(E) := inf {Z |1;] + (Ij)jen such that B C | Jj} :
j=1 i=1
Sets used in the Lebesgue integral must satisfy the Cathédory criterion:

MB)=AMANB)+ANANBY), forall ACR.

1.3 The Lebesgue integral

While Riemann integrals start with splitting the domain into smaller and
smaller intervals, the Lebesgue integral splits the range into smaller and
smaller intervals.

Formally, we define indicator functions as

15(2) 1 ifze S
xT) =
° 0 ifzé¢s.

Then we can create simple function in terms of sums of these indicator
functions and for subsets S; C R,

s(z) = Z anplg, .

For this simple function, we can define an integral as

/sdA = AMSn)an.



2 The Lp space of functions 2.2 The Lp space and norm

Definition 1.2. Given that a function is non-negative, we then define the
Lebesgue integral as

/fd)\ = sup {/ sd\: 0 < s < f,sisasimple function} .
If we want to deal with functions with positive and negative ranges, then
we can just apply the Lebesgue integral to each part separately.
Example 1.3. For the Dirichlet function,

=0-1+1-0
= 0.

This matches with out intuition of the “amount” of rationals compared
to irrationals on the interval [0, 1]. O

Theorem 1.4. Functions that are Riemann-integrable on a closed interval are
Lebesgue-integrable.

2 The Lp space of functions

2.1 Normed vector spaces

Definition 2.1. A norm is a way of formalizing “length” in certain spaces.
It is denoted ||-||. There are 4 properties a norm must satisfy:

1. [jz|| > 0.

2. |zl =0 = z=0.

3. For a scalar o, ||az| = |of ||z]|.

4. The triangle inequality holds: ||z + y|| < ||z + ||v]|-

A vector space equipped with a norm is a normed vector space. We
also have an induced distance function by the norm, d(z,y) = ||y — z||.
Therefore, a normed space automatically a metric space.

2.2 The Lp space and norm

Definition 2.2. The Lebesgue space (L” space) is the space of functions
from a set that can be assigned a Lebesgue measure {2 C R" to R or C
such that the following norm converges:

T ( [ du)’”

We call this the /.7 norm of f. The L? space of functions f : 2 — Ris
denoted LP ().



3.1 Weak differentiation 3 Sobolev spaces of functions

Proposition 2.3. The Lebesgue space is a vector space, with
(f+9)(@) = f(z) +g(x) € LP
(Af)(x) = Af(z) € LF

2.3 Bilinear forms and inner products

Definition 2.4. A bilinear form on a vector space V is a function B[, ] :
V x V — K such that (z,y) is linear in x and y. In symbols,

Blaxy + bxa,y] = a - Blzy,y] + b Blas, yl,
B[Jj?ayl + by2] =a- B[xvyl] +b- B['TayQ]
Definition 2.5. An inner product is an bilinear form (-, -) such that

1. (axy + bxe,y) = a(x1,y)+b (22, y), (x, ay1 + bya) = a {z,y1)+b(x, y2).

2. Reflexive: (y,x) = (x,y), where Z denotes the complex conjugate of z.
3. Positive Definite: (x,z) = 0if x =0, and (z,z) > 0if = # 0.
A vector space equipped with an inner product is an inner product space.

Example 2.6. L? has an induced inner product with respect to a measure
s
(f,9)12 = / fodu.
Q

In fact, L? is the only L? space with this property.

3 Sobolev spaces of functions

3.1 Weak differentiation

Let (2be an open, connected subset of R. Let ¢ be a differentiable function
on [a, b] such that ¢(a) = ¢(b) = 0. Then by integration by parts,

/ab f@de = [f(2)¢(2)], - /ab flode = — /ab Fédr.

Even when [’ does not exist, we may be able to show that some function
can take the place of f’. To generalize, let {2 be an open, connected subset
of R" (we call this a domain). If there exists a function g; such that

/Q forgde = — /Q giddz,

for all ¢ that are continuous, smooth (infinitely differentiable), and the
set of all values x such that ¢(x) # 0 is compact, then define the weak
derivative as 0, f := g;.

Remark 2.1. Most of the
norm properties are
immediately satisfied,
except for the triangle
inequality,

Iz + yll < ll=ll +[lyll
which follows from
Minkowski’s inequality.

K is the field which V is
a vector space over.
Usually K is R or C.

Remark 2.2. The complex
conjugate is not useful in
R, but if the function is
mapping to C, it is
commonly called a
Hermitian inner product,
and it makes use of the
complex conjugate.

Remark 2.3. The inner
product induces a norm,
which therefore induces
a metric.

2]l = v/ (=, 2).

d(z,y) = ({x —y,z —y).



Remark 3.1. When p = 2,
the Sobolev space may be
written as H*(Q). Since
HE(Q) C L2%(Q), there
exists an induced inner
product on H*(Q2). This
is an example of a Hilbert
space, which is an inner
product space that is a
complete metric space.

4 Differential Operators 4.1 Elliptic operators

Definition 3.1. A multi-index is shorthand for writing partial derivatives.
A multi-index « is a tuple of numbers that correspond to how many times
each dimension is partially differentiated. |«| gives the order of the partial
derivative.

For higher weak derivatives, if the integrable function u has

/Q udPp = (—1) /Q v,

for some integrable function v, and for all ¢ as defined before, then it is
a-times weakly differentiable.

3.2 Sobolev spaces

Definition 3.2. For a domain €2 in R”, the Sobolev space 117"7(Q) is the
space of functions f € LP(Q) that are weakly differentiable up to k times.
Moreover, we require that each of the derivatives also has a finite L” norm
and be continuous.

Sobolev spaces admit the norm

1

Woss = (S 11, ) = (3 [ 1or ar)

3.3 The k-extension property

While there is a general definition for topological vector spaces, we ex-
amine the specific definition for X, Y as normed vector spaces.

Definition 3.3. A linear operator L : X — Y is bounded if there exists
M > 0 such that forall z € X,

[Lzfly < Ml x -

Definition 3.4. If there exists a bounded linear operator £ : W2(Q) —
WH2(R") such that Fu with its domain restricted to ) equals u for all
functions u in W*?2(Q), then 2 satisfies the /-extension property.

The k-extension property is a classification of domains that is a neces-
sity for Garding’s inequality and many other results in PDE analysis.

4 Differential Operators

4.1 Elliptic operators

Definition 4.1. Let o represent a multi-index. Let L be a partial differen-
tial operator, defined for a function u with domain 2 in R".

Lu = Z o ()0%u.

la<m



5.1 Inequality statement 5 Girding’s inequality

L is elliptic if for every x € {2 and every non-zero § € R",
(—1)k Z ()€ >0
|| =2k

It can be shown that the order of the PDE must be even to be elliptic
(m = 2k). We then make a stronger condition, uniform ellipticity, for
an operator of order 2k:

(1) > aa(@)e* > C ¢
|a|=2k

for a positive constant C' and for every ¢ € R™.

4.2 Induced bilinear forms

Differential operators induce their own bilinear form. In order to con-
struct a bilinear form for a differential operator L, we perform integration
by parts on L:

/QqﬁLudx: Z /Qam(x)mua“gbdx,

0<|ol,|v[<k

for mutli-indices v and . We define the induced bilinear form by L as

Blu,v] := Z /Qam(x)mua"vd:c

0<|ol,|v[<k

5 Garding’s inequality

5.1 Inequality statement

Theorem 5.1 (Garding’s inequality). Let 2 C R" be a bounded domain that
has the k-extension property. Let u be a function in W*%(Q) and L be a uni-
formly elliptic differential operator of order 2k, written as

(Lu)(x) = > (=1)0" (Aas(x)0’u(z)) .

0<|al,|BI<k

If |o| = |B| = k, then require A, to be bounded and continuous on the closure
of QU If ||, | 8| < k, then require A,z € L>(Q2). If all of the above are satisfied,
then there exists constants C' > 0 and G > 0 such that

Blu,u] + Gllul|22 > C||ul|? 2 for all u € W52(5),

where Blu, v) is a bilinear form induced by the differential operator L, and Wy (Q)
is the space of functions u € W*?2(Q) such that u evaluates to 0 on the boundary
of Q.

Gérding’s inequality relates the L? and Sobolev norm of a function u
with the induced bilinear form of a uniformly elliptic differential opera-
tor.



5 Girding’s inequality 5.2 Application: A Dirichlet boundary problem

5.2 Application: A Dirichlet boundary problem

A Dirichlet boundary problem is a common type of elliptic boundary-
value problem. Consider a bounded region {2 C R", a function f, and
an elliptic operator L of order 2k. The solution to a Dirichlet boundary
problem we will be studying is a function u(x, y) that satisfies

Lu=f inQ
u=20 on 0f).

Here OS2 denotes the boundary of (2: the closure minus the interior of a
set.

There are three levels of solutions to the Dirichlet problem to discuss.
First are the classical solutions, which require the function u to be contin-
uous, 2k times differentiable, and all of its derivatives to also be continu-
ous.

Lightening our criterion to allow for weak derivatives, there are strong
solutions, which loosen the requirement of u to being ~ 2k times weakly
differentiable.

Finally, u is a weak solution of this Dirichlet problem if B[v,u] = [, fvdzx
for every v € W)*(Q). Even fewer weak derivatives are required, effec-
tively reducing the “smoothness” needed for a function to be considered
a solution.

As a general hierarchy,

{classical sol'ns} C {strong sol'ns} C {weak sol'ns} .

Since our classification of weak solutions to the boundary problem re-
quires the induced bilinear form B, it should be clear that the Garding
inequality is useful here. Indeed, the Garding inequality is used to show
the existence of weak solutions to this Dirichlet problem.

Theorem 5.2. Let L be a differential operator of order 2k that satisfies the condi-
tions of .1} Then there exists X > 0 such that for Ay > X, the Dirichlet problem
for the operator L + Ao has a unique weak solution.

Remark 5.1. The proof for[p.2Jrequires both the Gérding inequality and the
Lax—Milgram lemma, a result that guarantees the existence of unique weak
solutions to the Dirichlet problem. This result was proven in [[LM55].
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