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1. Uniform convergence and series

1.1. Definitions and tests for uniform convergence

Definition 1.1 (Uniform convergence of functions)

Given a sequence of functions (f,)nen, fn : X — Ror C (can be generalized to f :
X — Y, where Y is a metric space). (f,) is said to be uniformly convergent with limit
f if for every € > 0, there is an N = N(¢) (dependent on ¢) such that

|fn(z) — f(z)| <e, forallm>N(e), zelX.

Definition 1.2 (Alternative definition)
fn — funiformly if sup,c x | fn(z) — f(2)] = 0 as n — oo.

Remark 1.1. The key difference between uniform convergence and pointwise convergence
of a function is that N depends on ¢ and z. For example, consider f,,: [0,1] — R: x — z™.

Suppose we compare it to f(z) = 0. By [Definition 1.2}

sup |fn(z) — f(z)] = sup 2" =1,
z€0,1) z€[0,1)

so we do not have uniform convergence, but f,, — f pointwise.

Definition 1.3 (Uniform convergence for function series)

The series Y .-, fx(x) converges uniformly if the partial sums s, (z) = >7_, fi(z)
converge uniformly.

Definition 1.4 (Uniformly Cauchy)
fn is uniformly Cauchy if for every ¢, there exists N = N(e) s.t.

m,n>N = |fn(z) - fu(z)| <e,z e X.

Theorem 1.2 (Uniformly Cauchy implies uniformly convergent)
Any real-valued sequence which is uniformly Cauchy is uniformly convergent.

Proof. Note that if f,, is uniformly Cauchy, then the sequence of numbers f,(x) is
Cauchy for all € X. Thus, for every z, lim,,_, fr(z) exists. Call it f(z). There
exists N = N (§) s.t.

fm@) = fa@)| < 5, formn>N(Z), zex
Then .
Jim s 1fn(@) = fule)| = (@) = f@)] < 5 <& s

The Cauchy criterion can check for convergence without having to calculate the limit. Due
to this useful property, we generalize it for uniform convergence as well.

3



January 27, 2023

Analysis Il Notes 1.1 Definitions and tests for uniform convergence Pramana

Example 1.3 — We can show
Z sin kx
k2 + |cos kx|

is uniformly convergent on R bym Consider the difference of partial sums where
m<n

|sn(2) — sm ()| > ful@)

k=m-+1
< Y @)
k=m+1
SN |
<> =
k=m+1
To bound this sum, we may take several approaches:
1. Note that
d. 1L
k2 —k(k—1) k-1 k
Thus,

n

11
Z Zkkfl m

k::7n+l k=m+1
This is an example of the comparison test.

2. Since
n 1 n k 1
Y Ec X [ s
k=m-+1 k=m-+1 k—1
"1
m L
We compute
"1 1
/ —dz=——-—-——-0
m T m n

This is the integral test.

3. We can set an upper/lower bound by considering “chunks” of length 2":

-
Pate 5 dert

This is a

Proposition 1.4 (Weierstrass M-test)

You can prove uniform convergence by the following test. If there exists a nonnega-
tive sequence (ay)ren > 0 such that >"77 | a; converges, and a sequence of functions
fx: X — F such that |fx(x)| < ax, then >"7 | fi(z) converges uniformly on X.




This uses the
underlying fact
that if (b,,) is a

sequence s.t.
limn_mo an
exists, and

limy, oo b2n+1 -
ban, = 0, then
lim,, o0 b =
limy,— 0o b2n.

January 30, 2023
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Proof. Let ¢ > 0 be arbitrary. Let N(¢) = N <m < n and s, (z) = > ,_; fx(z). Then

Z fr(@)

k=m+1

|8n (%) = sm ()| =

n

Y (@)

k=m-+1

n
SZak.

k=m+1

IN

Since ), a) converges, it is Cauchy, and we can find N such that the sum is less than
E. O

Example 1.5 — Does

— (=" &

converge uniformly? [Proposition 1.4/fails here since >_, < diverges.

2261 z2¢

Let k = 2¢—1 for £ € N. How bigis | f2¢—1(z) — fae(z)| = L7 — %7 = ge(x)? We take g;(z):

gé(x) _ x2€72 . le*l _ x2272(1 _ ZU)

The maximum is attained at z = 1, so

1 1 1 —2
_ _ < e .
foe-1(@) = fae@)| < 5577 — 55 (2¢—1)(20) R
With this comparison, we can show sz, (2) is Cauchy. Moreover, sa 41 — 520 = S0 — 0

2n41
as n — oo. Since odd and even are both Cauchy, the entire series is Cauchy, and
finishes.

Remark 1.6 (Review of integration by parts). Is

Cauchy? The integral fln % dt does not converge as n — oo, so we have to use a different
method. Consider a,, — a,, s.t. m < n. Then

/”sintdt
Qp — Oy = — dt.
" " m \ﬂ

By integration by parts with u(t) = —cost,v(t) = 1/v/t:

" sint cosn  cosm " -1
7dt=—7+7—/ Sint() t3/2 dq¢.
m \/E \/ﬁ \% m m 2

Now we bound the new integral by

n -1 n )
/ sint() t_3/2dt’ g/ Q< ——.
m 2 m m

1.2. Applications of uniform convergence

5
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Theorem 1.7
Let f,: X — F, where X is a metric space. Assume

1. f, converges uniformly on X to f,

2. fn is continuous at a € X.

Then f is also continuous at a.

Proof. We can compare

|f(z) = fn (@) + Fn(2) = fn(a) + fn(a) — flo)| < [f(z) — fn (@) + | fn(2) — i (a)]
+|fn(a) — f(a)l

The first and last terms can be bounded by $ by uniform convergence. Since f,, is
continuous at a, 36 s.t. |fy(z) — fn(a)| < § for all z s.t. d(z,a) < 0. O

Theorem 1.8
Suppose that f: [a,b] — F are continuous functions and f,, — f uniformly on [a, b].

Then
b b
/fn(x)dx—>/ f(z) dz, n — 0o

Proof. We have

(z) — f(z) dz

/ fal®) = F()] da.

M, = sup,cpq | fn(z) — f(2)| — 0 since f, — f uniformly. Thus, we can bound the
integral

dx—/f

b
/ M, de < M, (b — a). O

Theorem 1.9

Suppose that f,: [¢,b] — R is a sequence of functions such that f, is differentiable
and f/ is continuous for all n. Assume that f| — ¢ uniformly on [a,b] and there
exists zg s.t. f,(zo) converges. Then f,, — f uniformly, where the limit function is
differentiable and [’ = g.

Proof sketch. Use

fn(x)=fn(xo)+/xf;(t) dt—>c+/mg(t) dt.

Zo

The limit has derivative g(z) by the fundamental theorem of calculus. O
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Motivated by the
fact that

1
1

/ 1—sds=—.
o 2
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1.3. Taylor’s theorem

Definition 1.5 (C* function)
A function f is of class (" if £, f/,..., f*) are continuous on a given interval.

The simplest form of Taylor’s theorem is as follows: On some interval I we consider a
C'-function and a € I. Then

a+h
fla+h) = f(a) + / oL
:f(a)+h/0 f'(a+ sh) ds.

This change is made by substituting ¢ = a + sh. We can now say

: ! < ! < !
orgnsl21f (a+sh) < f'(a+sh) < orél?éf (a+ sh),

1
. !/ < ! < ! .
Juin, f(a+sh) < /0 fla+sh)ds < Jax, f'(a+ sh)

Applying the IVT to the function s — f’(a + sh) tells us that

1
/ f'(a+sh)ds = f (&),
0
where ¢ is between a and a + h, or £ = a + s*h such that s* € [0, 1]. Thus,

fla+h)=fa)+ f'(h .
N——
remainder
By rearranging, we find that it is just the mean value theorem. Now suppose we try and
extend it. Let f € C? on I. Use integration by parts with u(s) = 1 —s and v(s) = f'(a+sh):

1

! / . ! d ’ gl . "
/Of(aJrsh)dsff/O g(l—s)f(aJrsh)dsff(a)Jr/U (1—=38)f"(a+ sh)hds.

Thus, )
flat) = 1@+ F@h+12 [ (1= 9)f"(a+sh)ds

The last integral is not quite an average, but if we rewrite to

2 1
% 2(1 = 8)f"(a+ sh)ds = Ei(a,h).
0

We can bound )

h
|Bi(a, h)| < - max |f”(a + sh)].

Then 2
fla+h)=f(a)+ f'(a) + f”(ﬁ)g-
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Theorem 1.10 (Taylor's/Maclaurin's theorem)

Assume that f € C**1 on I. Let a be in the interior of I. For a,a + h € I, we have the

identity
k

Jj o
flat ) = 30 519 @)+ Buf(a.h), (L1)
j=0
where the error term F f(a, h) is given by
E h—hkﬂ 11<: 1)(1 — )k D h)d
kf(av)w/0(+)(5)f (a + sh) ds.

We may also write, as before,

hk+1
(k + 1)

Einf(a,h) = fEHD(E), € between a and a + h.

Proof. We induct on k. Assume it holds for some k € {0,1,2,...} and that f € C**2.
Then we use integration by parts by noting 0 — <L (1 — s)**! = (k + 1)(1 — s)*.

1
/ (k+1)(1 — )k f*E+D (g 4 sh) ds = —(1 — s)¥+1 =D (g 4 sh) '
0

s=0

1
+/ (1 — s)*+ 2 (g + sh)h ds
0

1
_ flerD) () 4 / (1 — )51 42 (g 4 sh)h ds
0

Thus i
o fE+D (g
fla+h)= Z ﬁf(j)(a) + (k_’_l()!)hkﬂ + Ext1(a, h),
j=0
where
pAtIHL ! k+1 k+2
Since

1
/ (1— )1 (k+2)ds = 1,
0
this is a “weighted average” and

hk+1+1 hk+2

Bita(a,h) = (k +2)!

1 — 5kl (k+2) (g + sh) ds =
)/0(1 Yo+ (s 4 2) F8+2) (g 4 sh) d

(k+1)N(k+2 FE2).
O

1.3.1. Applications of Taylor’s formula
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February 3, 2023 Example 1.11 (Recentering polynomials) — Let P = Y- ¢;2’ be a polynomial of degree 7.
Suppose we wanted to write P in the form

P(z) = ij(x —a)’.

A long-winded way to solve this would be to write 27 = ((z — a) + a)’ and expand with the

binomial theorem, but this takes a very long time.
Instead, by [Theorem 1.10}

“ P")(q)

P(z)=>)_ 7

k=0

(z —a)".

Where the error term is 0.

Example 1.12 (Exponential function) — Consider f(z) = ¢* € C*, which is the unique func-
tion such that f'(z) = f(z), f’(0) = 1. To define e, we call it the unique number a that makes
the integral [" + dt = 1. With this, we can define log(x) := [” + d¢. Clearly, log: (0,00) — R.
Then let

exp = log™': R — (0,00).

There are two important properties of exp:

exp(z +y) = exp(z) exp(y),  exp'(z) = exp().
By [Theorem 1.10}
w k n+1
T T ¢
exp(z) = — 4+ ———¢°, & between 0 and .
) = k! (n+1)!

For the remainder, let |z| < b. Then

n+1 bn+1

(n+1)!‘§(n+1)!

n—00
0

Thus, the remainder goes to 0 uniformly on [—b, b].
To show that e = lim, 0 (14 1), take log (1 + 1)" = logq/;;/”). Then taking

lim M =log/(1) = 1.
x—0 X
Proposition 1.13
e is not a rational number.
Proof. We know
2.1 + et
e = —_t
] ]
— k! (k+1)!




Analysis Il Notes 1.4 Power series Pramana

is true for all n. Suppose that e is rational. Then Let e = %, q > 4. Then

We cannot write an integer as the sum of an integer and a number between 0 and 1.
Contradiction. O

Remark 1.14. To extend e” to the complex numbers, we can write

We can extend cos and sin similarly. If 2 = ib is a pure imaginary number, then

— (ib)" b2 b3
ezzz(l) —(1+~~>+i<b+~~~)—cosb+isinb.
= n!

2! 3!

1.4. Power series

February 6, 2023 Definition 1.6 (Power series)
Power series are series of the form

o0
Zanz", z e C.

n=0

Remark 1.15. In the complex numbers, we can write a number in terms of polar coordi-
nates:
z1 =r(cosa+isina), 2z = R(cosf +isinp).

We then have the rule
z122 = rR(cos(a+ B) +isin(a + 5)).
Therefore, if z = re'® (which is the same as before), then
n n i(na)

zZ =Tre .

Power series results in this section generalize to complex numbers as well.

Theorem 1.16 (Radius of convergence)

There exists a unique R € [0,00] s.t. > 7 ; a,2" converges for all z with |z| < R. The
Itis a harder | series is divergent for all z with |z| > R. R can be computed:
question for
whether it con- 1
. R=
verges/diverges
for |z| =R

n

limsup,,_, ., |an

10
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Proof. Let R be defined as above. To show divergence for |z| > R, there isan e > 0
st. |z2| > R(1+¢) = % > 1+¢. Thus,

limsup|an|% |z| > 1+e.
n— oo

1/kn

Recalling the definition of lim sup, there is a subsequence ay,, s.t. |ag, |z| >1+¢
for all n € N. Thus,

lak, | 121" > (1+ )" — oo
So Y7, anz" diverges.

To show convergence for |z| < R,
1
limsup |a,|™ - |2| <1 —e.
n—oo
Thus, thereisan N s.t. n > N — \an\% |z <1—-5. So
£ n
jan] 2] < (1- %)

Use a comparison to a geometric series to show that it converges. O

Remark 1.17. For the series ) a,(z — 20)", we can just shift the function by z — 2o — w
and apply the previous theorems.

Remark 1.18. The above proof gives uniform convergence for |z| < r where r < R.

1.4.1. Computing sums with power series

February 8, 2023 Consider the two identities

1 1 1

l—=-4+=-—=-+...=log?2 1.2
2+3 4+ 0g 2, (1.2)
1 1 1 T

l—4+=-—— 4. == 1.3
3+5 7Jr 4 (1.3)

To get the sum ) a,, consider the power series ) a,z™ evaluated at z = 1.

To find [Equation 1.3 consider the power series
oo o0
22k

2 gy = L /ﬂ” o

k=0 0

k=0
:/ S o (—1)kat
0 =

:/ > (=t)kdt
0 k=0
o1

:/0 T

= arctan .

Letting » = 1, arctan1 = 7. Note that we did not justify the steps in this calculation. In
particular switching the integral and the sum was done without justification.

11
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Theorem 1.19
Given [a, b] such that f,,: [a,b] — F (f,, continuous) such that the series

Z fn()
n=0

converges uniformly on [a,b]. Then the sum is a continuous function s(¢), and for
xo, T € [a,b],

/' s(t)dt:/‘ S faltydt=Y" () dt
Zo 0 n=0 n=0 "0

Apply the analogous theorem for sequences of functions to the partial sums of the series
to prove the above theorem.

Consider
p2k+1

2k+1

s(@) = S (-1

k=0

If this series converges uniformly on [—1, 1], then the sum is a continuous function.

In our case, to show that the series converges uniformly on [—1, 1], we use a previous
2k+1 £2k+3

x — —2 : :
SwiT — a3 | = O(k™7). Then uniform convergence is shown.

trick by bounding

s(x) = arctan x, -l<z<l,

and continuous on [—1,1]. So

s(1) = lim s(z) = lim arctanx = T
r—1- T—1— 4

For [Equation 1.2] consider —3°° | ©~ at z = —1.

1.4.2. Differentiation of power series

Consider Y °  a,2™ with radius of convergence R > 0. We already proved that the sum
converges uniformly on [—r, | for r < R. We already know we can differentiate the power
series term-by-term.

Theorem 1.20 (Differentiating a power seriess)
Let f(z) = >,° ,a,z". Then f is differentiable and

f(z)= Zannx"_l
n=1

Proof. We need to show that the radius of convergence is the same (so any smaller
radius has uniform convergence). Let

1
R=———
limsup |a,|™

Let || < R(1—¢) = 1l <1 —¢. Then

1/n

jan|"" 2] < 1 —e) = lan|l2|" < (1 -2)"

12
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For the derivative,
(n+ )M an [V 2] < (1 - €).
For large n,

(1 _ E)n—i—l

n
<
|a’ﬂ+1| ‘Jfl = |(E|

So this power series converges as well. O

In fact, all formally differentiated series satisfy
¥ (x) = Z anz" Fn(n —1)---(n — k4 1).
n=~k

Thus, the kth derivative exists and is continuous for all k.

Corollary 1.21
A (convergent) power series is its own Taylor series.

Corollary 1.22
If Y02y apa® = 3707 bz® on (=R, R), then ay, = by, for all k.

1.4.3. Abel’s theorem

February 10, Look at power series >, apz®. To evaluate at 1, we may consider

2023
o0
. k
g ) cur

If ", a,r™ converges uniformly for r € [0, 1], then we will show that the limit agrees with
the actual sum.

Theorem 1.23 (Abel's theorem)
If 7.7, apr™ converges at r = 1, then

o0 o0

E ar = lim E akrk
51—

k=0 7 k=0

Proof. Write the partial sums as s, == >_;_, ax. We may write a,, = s, — s,—1 and
ag = sg. By assumption, s = lim,, ., s,. Using the above notation, we can write a;, in

13
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terms of the partial sums:

oo oo

k k
g apr” = sg + g (s — Sk—1)T
k=0 k=1

=504 (51— 80)r + (so — s1)r> +---
=so(1 —7r)+s1(r —72) + s2(r®> —r3) +---

(5

=(1-r) (i(sn—s)r ) (1—7) (Zsr )

k=1

The second term is just s, so we will show the first term goes to 0.
Fix ¢ > 0. We find N(¢) s.t. |s,, —s| < & for all n > N. For all » € [0, 1),

(I-r7) (Z (sp — s)rk>

k=N

For the rest of the sum, consider what happens as » — 1:

N—

(1-r) (8p — )™ .
)
—0

i

finite

So there is an ry < 1 s.t.
&
2

N—
(1—-r) Z

for ry < r < 1. Combining these two sums and letting C' = 3,

(1-r) (Z(sn — s)r")
k=1
1.4.4. Abel summation

In the first part of [Theorem 1.23] we used a summation technique worth noting. Abel
summation is also known as summation by parts because of its similarities to integration

by parts.

<e. O

Theorem 1.24 (Summation by parts)
Given (a,,) and (b,,), let A, :=>"}_, ai. Then for p < ¢,

q q
> anby = Agbg — Ap_1by + > Ap(by — bpy1).
n=p n=p

In the case p =0, define A_; = 0.

14
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Proof.

q

i anbn = Z(An - An—l)bn
n=p

n=p
q q
= Z Anbn - Z Anflbn
n=p n=p
q q—1
= Z Anbn - Z Anbn+1
n=p n=p—1
q—1
= Agbg + > An(bn — bp_1) — Ap_1by. O
n=p

sin kx

Example 1.25 (Application of Abel summations) — For what values of o does > ;7 , =

converge? Similarly, does > 2 | Colff”” converge? We first note
We may create * There are good bounds for Zszl sin kx. Write
bounds by
considering N
sin § 22’:1 sin kz, Zsm =i (Z ¢
and finding k=0

cancellation.
However, this is
not intuitive, so

<k
" 1 N+1
we won’t use it. —Im < )
l=2

[1=2
T—=|
2

B |1*Z\'

2—elT

z=1 <= cosz = 1,sinxz = 0 only when z is an integer multiple of 2w. These values
will not work.

1 1
b — bga| = | ——— — —
19 = Bra ‘(k+1)a ke

k* —(k+1)°
ke(k + 1)@

To bound this, let f(z) = z°. Then f(k+ 1) — f(k) = f'(£) such that £ is between k and
kE+ 1. Then f’(¢) is between ak® ' and a(k + 1)**. Thus,

a—1

k
|br — br1| < CkT

S Ck_a_l

b — 0ask — oco. |Aqy — by and | A,—1b4| both go to 0 as p and ¢ — co. We can show convergence
by using Abel sums.

February 13, Remark 1.26. In the homework, we showed that
2023

nlgrgo > i logn
15
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converges. The value that it converges to is called ~, the Euler-Mascheroni constant.

Problem 1.1 (Open problem)

Is v irrational?

16
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2023

We note

U'LUEU BY(H}, T‘w) =
U.
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2. Metric spaces

2.1. Norms

If we have a norm, we induce a metric: d(z,y) = ||z — y||. However, mectrics do not induce
norms, because norms are only defined on vector spaces, and there are plenty of metric
spaces that are not vector spaces.

Example 2.1 (Infinite-dimensional normed spaces) — Metrics behave differently in infinite-
dimensional spaces:

* Function metric spaces: If X is a set, we let Br(z) be the set of bounded real-valued
functions. Define a norm || f|| := sup,cx |f(z)|. This norm induces the metric defined

as d(f,9) = supex |f(z) — 9(2)].

* (*(N) spaces: The space /' (of N) is the set of functions on N a.k.a. sequences such that
> o2 lan| converges. £°°(N) is the set of series (a.) such that sup, .y |ax| is finite.

2.2. Compactness
2.2.1. Balls

Given a metric space (X, d), and Y C X, Y is a metric space with the metric d|, .

Definition 2.1 (Open ball)
The open ball in X, centered at y € X is denoted

Bx(y,r)={z € X | d(z,y) <7}.

We note that with X and Y defined as before, By (y,r) = Bx(y,r)NY.

Theorem 2.2 (Condition for open set of (Y, d|y ) C (X, d))

Let Y C X, with the metric inherited from X. Then U C Y isopenin Y <= there
is an open set (w.r.t. dx metric) O C X suchthat ONY ="U.

Proof. (<= ) Let O be open in X. Let w € O NY. Since w is an interior point of O,
there is Bx (w,7,) C O. Thus,

Bx(w,7,)NY CONY.
—_———
By(w,rw)

So w is an interior point of O NY (w.r.t. Y’s metric).
(=) Assume that U is open in Y, so w is an interior point of U (w.r.t. Y’s metric),
and By (w,r,) C U. We define

= U Bx(w,ry),

welU

which is an open set in X. To show this satisfies the conditions, we note

ony = UBprme UBywrw:U. O
welU welU

17
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2023

For notation, let
(an) C (br) mean
(an)is a
subsequence of

(bn).

Analysis Il Notes 2.2 Compactness Pramana

2.2.2. Notions of compactness

Definition

We may examine compactness in different contexts:

Definition 2.2 (Compact metric space)

A metric space (X,d) is compact if the following holds: whenever X can be
written as the union of open sets: |J ., O, there is a finite number of indices
at, ..., a, whose corresponding Os union to X.

Definition 2.3 (Compact subset)

Given a metric space X and K C X, K is compact if every cover of K with open
sets has a finite subcover.

These definitions are compatible with each other. This means that a compact subset K is
a compact metric space with K as the metric. Thus, the context of X does not matter. We

can prove this by using[Theorem 2.2}

Remark 2.3 (Heine-Borel in R™ does not hold in all spaces). The Heine-Borel theorem
requires that the set be bounded and closed. In a normed space, a set Y is bounded if
ly]| < C for all y € Y. This is not “topologially invariant”, so we may have issues past R".
Consider X = ¢>°(N), where || f||, = sup|f(n)|. Define

1 ifk=
ek (n) = 1 k=n,
0 ifk #n.

Note that
d(eF, ety = ||e”c — eeHoo =1

for all k,¢. Let Y be the set of sequences e* for all ¥ € N. Consider all balls B(e*, 471).
Any intersection is empty. Y is not compact because removing any ball does not cover X.
However, the set is bounded by 1, and is closed because all points are isolated.

2.2.3. Three useful classifications of compactness

Definition 2.4 (Sequentially compact)

A metric space X is sequentially compact or has the Bolzano-Weierstrass property if
every sequence in X has a convergent subsequence.

Does there exist a sequence (d,,) which is a subsequence of (a%o)) and for all but the
first ¢ entries are part of (an’) (for (a%o)) 2 (a%l)) B) (aﬁf)) 2 (af)) D --)? Yes, by letting
d, = a%n). This is called the Cantor diagonal subsequence. We will use this idea in the

proof of [Theorem 2.4

Definition 2.5 (Totally bounded)
A metric space X is totally bounded if for every £ > 0, X is a union of finitely many
balls of radius .

Totally bounded is a stronger condition than bounded.

18
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Theorem 2.4 (Equivalence of notions of compactness)

The following are equivalent for a given metric space X:
1. X is compact.
2. X is sequentially compact.

A metric space is 3. X is totally bounded and complete.
complete if every
Cauchy sequence
converges. Proof. (1) = (2). Suppose X compact and there is a sequence (a,,) in X which does
not have a convergent subsequence. Note that (a,,) does not have a term that repeats

an infinite amount of times.
Consider A, the set of a,,’s that are distinct. A does not have any accumulation
points (limit points), and therefore A is closed. Thus, for every z, € A, there exists

e(zy) =€ > 0s.t.

B(zq,e) N A={z.}.

Moreover, X \ A is open. Consider the collection of open sets, X \ A (unless X is A),
and all the B(z,,¢)’s. This is an open cover, but we cannot remove any of them, so
there is no finite subcover.
(2) = (3). Let (z,,) be Cauchy. By the definition of sequentially compact, it has a
Exercise. Show convergent subsequence, so it is convergent. Thus, X is complete.
that a Cauchy Suppose that X is not totally bounded, then there exists an ¢ > 0 s.t. X is not
sequence with a a finite union of e-balls. Pick a ball B(p;,¢), and there is ps so that d(p;,p2) > e.
converger}t Repeat this construction until we have py,...,p¢ so that d(p;,p;) > € if i # j. The
subsequence is e-balls at these points do not cover X, so there is p,,; that has the same properties.
convergent. The sequence (p,,) has no subsequence that is Cauchy, so it fails to be sequentially
compact.
(3) = (2). Assume that X is totally bounded. We will prove that every sequence
that has a convergence subsequence which is Cauchy.
Let (x,,) be an arbitrary sequence. Cover X with finitely many 1-balls. At least one
of B; contains z,, for infinitely many n. Thus, there is a subsequence (xg)) so that all
values lie in B;.
There is a subsequence (9522 )) - (wﬁ} )) which belongs to a ball B, /5.
In general, for all ¢, there is a subsequence (1% Jr1)) C (ng )), which belongs to By,

and B;NBy_; # &. Choose the diagonal sequence, d,, := :c%") is a subsequence of (z,,).
For n,m > ¢,
d(dy, dyy,) <274

(2), 3) = (1). Assume that X is sequentially compact (equivalently totally
bounded and complete) then every collection (O, ).c4 With open sets has a finite sub-
cover.

Claim 2.1. There exists an ¢ > 0 s.t. all balls of radius ¢ are contained in at least
one of the O,.

19
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Proof. Suppose the claim is false. Then for all ¢, = -, we find a ball B(p,,, 5)
which is not contained in any of the O,’s. But (p,,), by assumption, has a conver-
gent subsequence. Let that be p,(,), and suppose p,(,) — p. There is an index
ag so that p € O,,. Thus, p is an interior point of p € O,,.
There is an ¢; such that
B(p, Sj) - Oa .

Choose a suitably large n such that

g Ly
d(pn(n)vp) < 97 9r(n) < 9

For every y € B(py(n), 5:t:7) has d(y,p) < e. But the nB(p,(n), 37:7) are con-
tained in O, for the large n. ]

Since X is totally bounded, we can find a finite cover B(pi,¢),...,B(pn,¢) that are
contained in finitely many O, showing compactness. O

2.3. Office hour tangent: O notation and similar

February 20, Definition 2.6 (O notation)
2023 Given the sequences (a,,) and (b,,), we write

* a, = O(b,) if there exists a C' > 0 such that |a,,| < C |b,],
o anzo(bn)if’gfz—>0asn—>oo,

* a, ~ by if ;= — L for some L € R as n — co.

2.4. Results from compactness

February 22, Theorem 2.5 (Properties of continuous functions on compact metric spaces)

2023

Let X be a compact metric space and f : X — R be continuous. Then
1. fis bounded,
2. f attains its maximum and minimum,

For every ¢ > 0 3. [ is uniformly continuous.
there is a § s.t.

[f(z) = fly)l <e
if f(z,y) < d(e) Proof. (1) By continuity, for every = € X, there is a ball B(z,¢,) s.t. for all w in the

ball, |f(w) — f(z)|] < 1. All the balls form an open cover, so we may choose a finite
subcover:

B(x1,€2,),.--, B(xN,€xy)-

Fixw € X. w € B(z;,&4,). Then

()] = [z + | £(w) — £(as)]
< max | (e + 1.

(2) Consider a sequence (z,) s.t. f(z,) > sup f — % By sequential compactness,
there is a subsequence (7,,(,,)) which converges to zo. Since f is continuous, f(z,)) —

20
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f(zo). Thus,

F(@n(n)) 2 sup f — —— "% f(z0) > sup f = f(zo) = sup f.

K(n)
Use a similar argument for inf.
(3) Pick ¢ > 0. For every z € X, thereis a 6, s.t. |f(w) — f(z)| < § if d(w,z) < J,.
The balls B(z, §,/2) cover X. By compactness, we choose a finite subcover B(z;, ., /2),
1 =1,...,N. Let § .= min; %, Pick wy, wy such that d(wy,ws) < 4. Since this is a

2
covering, wy € B(z;,0,,/2) for some i. One can show

wy € B(xi,0,/2+9) C B(zi,0y).
Looking at f,
[f(w1) = fw2)| < [f(w1) = f ()] + [ f (i) — f(w2)]

<e. O

We will now greatly simplify the proof of the Heine-Borel theorem using the equivalent
notions of compactness.

Theorem 2.6 (Heine-Borel theorem)
If E C R™ is bounded and closed, then it is compact.

Proof. Since R" is complete, E (a closed subset) is as well. E bounded means F C

[~ R, R]". Choose a < 5 N Consider the balls centered at

(kia, ..., kpa), |kial < R+1, k;€Z. O

February 24,
2023 Example 2.7 (Examples of compactness where Heine-Borel does not apply) — Let co be the
vector space of real-valued sequences that converge to 0. Let a := (a,)5=;. Let

llall = sup |an].
neN

If Ha(") —a — 0. This gives a notion of uniform convergence (if we think of sequences as
functions from N — R). Given ¢ > 0, find an N = N(¢) such that

(n) :
i< Vj,n > N.

a; —a

g
2 7
Similarly, we already know |a§-”)| < £ for suitably large n.
laj| < laf™| + la; — af")|
<e

Thus ¢y is a closed subspace of £°°.

Lemma
A subset K of ¢ is totally bounded if (and only if) lim;_, o ||(ax)|| = 0.
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Definition 2.7 (Relatively compact)
A metric space X is relatively compact if the closure of X is compact.

Proposition 2.8

A subset U C X of a complete metric space that is totally bounded is relatively com-
pact.

The proof of the above statement follows from[Theorem 2.4] since closed subsets of complete
metric spaces are also complete, and the closure of a totally bounded set is totally bounded

February 27, as well.
2023

Lemma 2.9
Suppose .« C X and for every ¢ > 0, there is a finite number of balls

B(,e), £€€eXCX, |X| <

such that
o C | B 9).

gex
Then o/ is totally bounded.

Remark 2.10. The difference between this and the definition of totally bounded is that
the ¢’s may belong to X, which may be a larger space than 7. This lemma tells us that it
doesn’t matter if we consider centers in the larger metric space.

2.4.1. Application: Characterizing totally bounded function classes

Definition 2.8 (Pointwise and uniformly bounded)

A class 7 of functions defined on X is pointwise bounded if for every x there is an
M, < oo such that

sup | f(z)| < M,.
feod

& is uniformly bounded if

sup sup |f(z)] < M < oo.
zeX feod

Definition 2.9

A class & C C(K) is equicontinuous if for every ¢ > 0, there exists ¢ s.t. d(z,y) < §
implies |f(z) — f(y)| <efor all f € &
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Theorem 2.11 (Arzela-Ascoli)
Consider C(K) on a compact set K equipped with the sup norm:

[fllo = sup | f()
zeEK

If # CC(K) is o/ C C(K) is totally bounded if and only if it is pointwise bounded and equicontinu-

equicontinuous, ous.
then & is
pointwise
bounded <«— it Proof. ( = ) Let = be a collection of N balls B(f;,5),1 < j < N. fi1,...,fn are
is uniformly continuous on K, a compact set. Thus, there is an M such that
bounded.

sup | fi(z)] < M.
N

i=1,...,

For arbitrary f € <7, there is an index i such that
€

Thus,

[f (@) < |fi(@)] + [ f(2) - fulz)] < M + %

This implies 7 is uniformly bounded.
For each i there is a §; s.t. d(z,y) < d; = |[fi(z) — fi(y)| < 5. Let § = min; ;. We
can also find ¢ such that .
156~ O] < 5,
by uniform continuity (continuity on a compact set). Thus,
|f(z) = f)| < 1f (@) = filw) + filz) = fily) + fily) — f ()]
<|f(@) = fi(@)| +1fi(x) = fs(@)| + | fi(y) — F(W)]

< €.

vVt € K,

March 1, 2023 (<= Since K is compact and . is equicontinuous, choose a covering of §-balls
B(Z‘l, (5)7 o000y B(Z‘n, 5),

and f changes by less than £ in any of these balls. Ideally, we want to define a set of
constant functions that give a covering, but overlaps may cause us to define a function
twice on a point. To prevent this, let

E1:B($1,6), EQZB(.T276)\B(.T176),...7

E; = B(z;,0)\ <U B(xk,5)> .
k=1

Each F; has diameter < g Let € be the set of functions which are (1) constant on
each E; (2) takes values of the form k5, where ‘k%’ < M,k € Z. These conditions
mean that % is finite.

To show this covers, consider f € </. Consider f[; . For any point x € E; has
distance 6 to some ;. There is also some k5 s.t. |f(z;) — k5| < . O
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2.5. Banach’s fixed point theorem

We begin with a motivating problem: Find x = (2, z3) such that
10z + sin(x; + 2z2) = 10000,

cos(x1 + z2) + 5xo = 100.

Finding the solution to this would be hard, but showing that it has a solution may be
easier.

Definition 2.10 (Contraction)

If (X, d) is a metric space, and T: X — X is called a contraction if there exists an
a < 1 such that

Theorem 2.12 (Banach fixed point theorem)
If (X, d) is complete, then all contractions have a unique fixed point, which exists.

Proof. (Uniqueness) Suppose z,y € X s.t. T(z) =z, T(y) = y. Then
d(z,y) = d(T'(z), T(y)) < o d(z,y).

Thus, d(z,y) = 0.
(Existence) We use “the method of successive approximation”. We construct a se-
quence. zp € X. Define z,, = T'(z,—1). I claim this is Cauchy. We find

d(xpt1,Tn) < " - d(x1, o).
Let m > n. Then

d(xmaxn> S d(mmw’xmfl) SFoooqF d(anrhxn)
<a"(l4+a+4- - 4+a™ ") d(zy, o)

an

< d(x1,x0)-

1—«

This shows (z,,) is Cauchy. Since X is complete, z,, — = € X. Also, z,11 = T(z,) — z.
Thus, since T is continuous, T'(z,) — T(x). O
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Example 2.13 (Integral equation with a fixed point) — Find f € C[0, 1] s.t.
furzﬂlK@¢vuwu+g@)

Assume that K € C[0,1]* |K(z,t)| < a < 1. We may define an operator T s.t.
Tvur:ﬂfKuxvuwn+gu»

Then

d(T f1,Tf2) = sup T fi(x) — Tfz(z)|

SAIKmﬂHﬁﬁ—h@Mt

<a-d(fi, f2).
2.6. Differential equations
2.6.1. Initial value problems
March 9, 2023 Give the system
y(xo) = yo @.1)

y'(z) = F(x,y(x))

For a function (z,y) — F(x,y) which is continuous near x¢,yo. This is an initial value
problem: can we find z — y(z) near z(, such that y solves the above conditions? How many
solutions are there?

Example 2.14 (Multiple solutions example) — Consider

y'(z) = VI]y(2)], y(0)=0
There are multiple solutions to this:

e y(z)=0.

Theorem 2.15 (Peano)
For an IVP of the form in |[Equation 2.1} if F' is continuous near (z¢, yo), then it has a

solution.

We will not prove this theorem right now.
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Theorem 2.16 (Picard-Lindelof)
If in addition, for F' continuous on

R = {(2,y) : [ — 20| < a, |y — yol < b},

and
such that

sup |F(z,y)| =M < co.
z,yER

For z € [xg — §, z¢ + ¢], such that

0 < min ail
7M707

then the solution guaranteed by is unique.

Lemma 2.17

For a continuous function  — y(z) defined on [xg—§, x0+4] with values in [yo—b, yo+b],

the following two conditions are equivalent:

1. yis of class C! on the interval, and satisfies our initial value problem.

2. y solves the integral eqation

y(r) = xo + /x F(t,y(t)) dt.

Proof. (=)
y/(t) = F(t7y(t))a te [IO - 67 To + 5]
Thus,

/: y'(t) dt = /j F(t,y(t)) dt

0 0
x

y(x) — y(xo) = / F(t,y(t)) dt.

Zo

Use the substitution y(z¢) = yo.

(<)t~ (t,y(t)) is continuous. (¢,y) — F(t,y) is continuous. Thus, t — F(¢,y(t))

is continuous. By the fundamental theorem of calculus,

x /x F(t,y(t)) dt

is C! and the derivative is F(z,y(x)). This yields the IVP form.

Proof of Picard-Lindelof. Assume that I is defined and continuous on

R={(z,y):mo—a<z<z0+a,y0—b<y<yo+b}.
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We want to apply We define the operator

Ty(w) =+ [ Flty0) dr.

Zo

Thus, the integral equation is y = T'y. Our metric space will be the set of all contin-
March 10, 2023 uous functions on [xg — J, z¢ + 6] which have values in [yy — b, yo + b]. Let M be this
metric space, and equip it with the sup norm.

Claim 2.2. T': M — M.

Let y € M. Consider

y(e) i = | [ Fl@)
Zo
< M|z — x|
< M.
By requiring § < %, we are done. |

Claim 2.3. M is complete.

Let
M, = {f € Clzg — &,z + 9] : |f(x) — yo| < I}.

Each of these sets are clearly closed. Since

M= [ M,

z€[xo—06,20+0]

M is closed, and therefore it is complete. |

Claim 2.4. T is a contraction.

We will bound 7" to shown contraction.

d(Ty1,Tys) = | Su}:‘) |Ty1(x) — Ty2(x)|
r—xo|<d

= sup
|lx—z0|<d

/x F(t,y1(t)) — F(t,y=(t)) dt

Zo

By the Lipschitz condition, we have

[F(t,41() = F(t,y2(8))] < Clyi(8) = v2(8)] < Cd(y1, y2)-

Thus,
d(Ty1,Tyz) < sup  Cd(y1,y2)
lz—x0|<8
S OC;d(yla y2)
If we assume that § < %, then this is a contraction. O

Remark 2.18 (Small intervals where solution is guaranteed). Consider the IVP
y/(I) = R2 + y(x)zv y(O) = 05 (I7y) € [71, 1] X [717 1]

If we let R be large, then the interval will have to be less than
27
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Let’s show where it actually works. We may rewrite this as

! 1 R 1d
L y/ = — — arctan g.

1: = —
R2+y?> R1+4(y/R)?> Rdx R

We find that
y(z)

arctan R = Rx = y(z) = Rtan Rux.

This means that Rz < 7. Clearly, if R gets large, the solution interval can get arbitrarily
small.

Proposition 2.19
We can improve the bounds of ¢ in to

) b
6<m1n{a,M}.

Proof. Let’s choose a different metric. For a large constant L, let

dL(f7 g) = sup ‘f(.]j) _ g(£)|e—L\z—mO|.
|[z—z0|<d

Claim 2.5. d;(Ty1,Ty2) < $dr(y1,y0).

dp(Ty1, Ty2) = sup  |Tyy(x) — Tya(x)]e Hlmmmo
|z—20]|<d
—Llz—x0|

=e sup

lx—z0|<d

xr
<emthemnl [y (g, ya)et -l at
o

[ Fne) - Flm0) a

C
= ZdL(ylay2)~ O

2.6.2. Successive approximation

March 20, 2023 The fixed point theorem tells us, given y(¢y) = yo, we can create an interative solution to
an integral equation by letting

Yn+1(t) = vo —i—/t F(s,yn(s)) ds.

Proposition 2.20

Let a, be the § defined in [Proposition 2.19] We can bound successive functions by

Mcnflan
a t) —y,—1(t)] < ———=
omax fyn(t) =y (O] < —
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Proof. Assume that ¢t > t,.

[ P as

ly1(t) — yo(t)| = ;

< Mt — tof

/ F(s,y1(s)) — F(s,yo(s)) ds

to

ly2(t) — y1(t)| =

< / P (s, 31(5)) — F(5,50(s))| ds

< / Clya(s) — o(s)] ds

t
S CM‘S—t0|dS

to

6= &e
:C’MQ.

We can continue with the same method by induction to show the bound. O

Proof of Peano’s theorem. “Near” in the theorem statement has a formal definition.
Let F be continuous on

R = [rg —a,z0 +a] X [yo — b,yo + b].

Moreover, let M = maxp |F| and a, := min {a, %}
Let

t
Yn = F(Saynfl(sn ds = T[ynfl]
to
I claim the set
{TTy] : y € Clto — ax, to + a]}

is compact. We use Arzela-Ascoli; we don’t work with the entire interval, but a similar
proof follows. Totally bounded is true. For equicontinuity, we need to use Euler’s
(polygonal) method: Given a partition & =ty < t; < -+ < ty = to + a.. We may
approximate y by

Yo + F(to, yo)(t — to) t € [to, 1]
Yy (t1) + F(t1,y(t1))(t —t1) t € (t1,19]

v (t) = ém?’(tk) + F(tg, y(te))(t — tr) t € (tr,tegi]
Y (tn1) + Flen 1yt )t tn1) ¢ € (bnos,tn]

March 22, 2023 We can show by induction that this is well-defined on [ty — a., o + a.]. We also have

lyz(t) — yo(t')] < Mt —t'].

The set
{ye : & partition, |slope| < M} C Clto, to + a],
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satisfies Arzela-Ascoli, so it is compact. Thus, this has a convergent subsequence that
is convergent to some y € C[to, to + au].
Given ¢ > 0, there exists a d(¢) such that

[t —t'|+ |z —2'| <1006 = |F(t,y)— F(t',y')| <e.

Let the maximum width of the partition be < min {5, %} Define step function

9) = {F(tr, y(tn) ¢ € th,tina]

Then .
Yy (t) = Yo +/ g (s)ds.
to

We now bound

= y0+/t9@(8) ds — [yo—f—/tF(s,ygz(s)) ds}

to

‘ygz(t) - [yo—l—/tF(&ygz(s)) ds}

to

/ 99(3) — F(5,y(5)) ds

to
< (t—tp)e < ase.
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3. Norms, operators, and derivatives

3.1. More norms

March 24, 2023 Given x = (21, ...,2,) € F?, the (?-norms are defined as

x|, = (Z xi|p> : (3.1)

=1

1]l o = max |;]. (3.2)
Lemma 3.1 (Generalized AM-GM)
Ifa,b >0and 6 € (0,1),

a' =% < (1 —6)a + 6b. (3.3)

Proof. This is true if a or b is 0, so assume a, b > 0. Diving by a on both sides we get

(Z)H < _9)+ag.

Instead, let’s show for » > 0, f(x) := (1 —60)+ 6z — 27 is always non-negative. Observe
f)=o0.

<0 O<z<1

>0 z>1

fl(x)=0—02""" {

This proves the inequality. O

Theorem 3.2 (Hélder's inequality)
Suppose 1 < p < oco. Given p, let the conjugate exponent q satisfy % + % = 1. Then

1 1
< xll, llylly, = (ZI%I”) + <Z xiq) :

i=1 i=1

n
i=1

Proof. Consider the special case where |[x[|, = 1,[|y[|, = 1. All we need to show is

n n n
i=1 i=1 i—1

Without loss of generality, assume x; > 0, y; > 0. Let

<1

b

1 1
TiYi = (»’Uf)p (y?)"-

Then, since % + % =1, by|Equation 3.3|we have
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Thus,
- 1« 1« 11
TiYi| < — zi|P + - vlf=-+-=1
2l < 2l 2 il =

For x,y € F", consider normalizing the vectors:

xz Yi
lp Iyl

X Yy

Iyl

1%,

So we get
< [Ixll, Iyl - O

lyl

Corollary 3.3 (Minkowski's inequality)
x — [|x[|,, is a norm if and only if p > 1.

Proof. Positive definite and absolute homogeneity is clear. We can show that the
norm fails to have the triangle inequality if p < 1 for x = (1,0,...,0) and y =

(0,1,...,0), for instance. For the other direction, assume that z;,y; > 0.
n n
x4+ yIE = (@i +y:)? =D (@i +ya)P !
=1 =1
=D (@i +y)" (@i +u)
i=1
:Z(SﬂrFyl OEH—Z%-F% 1i
i=1
PN
n % n /JR B n % n
< (So) | @) (So02) o (Stab o
i=1 i=1 i=1 i=1
[Theorem 3.21
p P
= lIxll, Ix+yllg + Iyl lIx+ vl
— p—1
= (l=ll, + llll,) lIx + Il
= lx+yl, <l=ll, + llyll, - O
3.2. Equivalent norms
Definition 3.1 (Equivalent norms)
March 27, 2023 Two norms || - ||, || - ||, over a vector space, V are said to be equivalent if there exists

constants ¢, C' such that
clloll, < llvll, £ Clll,

forallv e V.

This is an equivalence relation ~ on norms, since |[v||, ~ ||v| ., [|v]|, ~ ||v]|, implies

1
lolly < llolly < = lloll, -
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Suppose ||v||, ~ ||v||, and [[v]|, ~ ||v||,, such that the constants are m, M and ¢, L, respec-

tively. Then
ml ||v[|, < [vll, < ML o], .

Example 3.4 (Equivalent norms) — In R”, we have

n
max [oi] < |zi| < nmax|zi] = ||l ~ |- ;-
i=1

Theorem 3.5
On a finite dimensional vector space V (over ), all norms are equivalent.

Proof. Let the basis of V be {v1,...,v,}. Then every vector v € V can be written as
a unique linear combination of the basis vectors: v = Y | z;(v)v;. 2;: V — Fis a
linear functional. Let

be a norm on V. Let v — ||v|| be any other norm. Then
n

Z i (V)v;

=1

< Z s (V)oill <) lzi(v)] o]

i=

lvll =

=1

< max |z (V)] - Y o] -
i=1
So we have found a C such that |[v|| < C||v||,. Define a function F' on R" as

n
E LiU;
i=1

F(x) =

Claim 3.1. F is a continuous function on R".

n n
E TiV; E Yiv;
i=1 i=1
n n
E TiVi — E YiVi
i=1 i=1

n

Z(xi — Yi)vi

i=1

IA

n
Sm?X|xi_yi|'ZHUiH .

=1

Consider this on the set K = {x:x € R", max}, |z;| = 1} C R", which is closed and
bounded, and is therefore compact. F' attains its infimum on K, so

F(x) >a, (Vxe€K).
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For arbitrary v # 0,

n

Z x;(V)v;

[v] <
i=1 i=1 max; |$Z(V)|
n
NN il .
<~ max; |z (v)]
>a

3.2.1. Remarks on equivalent norms

March 29, 2023 Example 3.6 — Does the inequality

piY
max |f(z)| < C / Tl at
hold for

. feCo,1]? (No)

¢ All polynomials?

* All polynomials of degree < 10°?

For the last question, we know the LHS and RHS are both norms on polynomials of a bounded
finite degree, which, by [Theorem 3.5] are equivalent. Thus, a constant does exist.

Proposition 3.7 (Inequality on ¢P norms)

prl < p2, ”X”gpz < HXHZPl'

Proof. It helps to normalize:

1

n P1
HXHZm = 1a <Z xi|p1> =1 = |$1| S 1.

i=1
Note that )

n P2
|2:[P? < |zt = (mez) <1
i=1

For general x, consider

X

Tl ST = Xl < (1%l - B
%] ¢

/P2
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Definition 3.2 (/?(N) norms on infinte series)
Let (z,) €/7(N) = (7, the set (vector space) of p-summable sequences, so that

oo
D lail?
i=1

is finite. The norm is given by

o0 >
el = (Zw) |
=1

3.3. Continuous function norms

Definition 3.3 (p-norms on continuous functions)

For any function f € CJa, ], define the p-norm as

) :
11, = ( / @) dm)

Remark 3.8. To show this is a norm, we could try and prove a version of Hélder’s inequal-

ity: 1 1
b b ) P b . r 1 1 -
/alf(w)g@)ldwg (/ f ()] dx) (/ l9()] dx) i

Another idea is to apply our results for /P-norms to Riemann sums, and take the limit.

Definition 3.4 (Banach spaces)
Complete normed spaces are caled Banach spaces.

Example 3.9 (Banach spaces) — 1. ¢?(N) is a Banach space.
2. C[a,b] is not complete, so it is not a Banach space.

3. To rectify this, we can create the space L”[a, b], which requires the Lebesgue integral.

3.4. Linear operators

Definition 3.5 (Linear operator)
Let V, W be vector spaces. T: V — W is a linear operator if

T(awv + fw) = o' (v) + BT (w).

What is the criterion for a linear operator to be continuous?
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Theorem 3.10

For normed vector spaces V, W (both over F), fix two norms on those space. For the
linear operator T': V' — W, the following are equivalent:

1. T is continuous everywhere.
2. T is continuous at 0.

3. There is a constant C such that || T'v|;,, < C|v]| .

Proof. (1) = (2) is trivial.
(2) = (3). For ¢ = 1, there is a 0 so that

Ivlly <0 = [TVl < 1.

Observe that g —— has norm < §. So

T
5
Gl <
2 |vlly /llw

2
ITvllw < 5 - IVl

But the LHS is the same as

3) = (). Forvy,vo €V,
[T(v1) = T(va)llyw = T(vi — v2)[| < Clvi —v2l|.

This implies T is Lipschitz continuous. Thus, T is continuous everywhere. O

Example 3.11 — Let V be the set of real polynomials with norm ||p|| = max.e(o,1jp(+)| and let
W =R. Let Tp = p'(1). Is there a constant C so that [p'(1)| < C'max,e[o,1]jpt)? Let pn(t) = t™.
Then

P (1)] = n.

But this can get arbitrarily large.

March 31, 2023
Definition 3.6 (Bounded linear operator, operator norm)

The set of all bounded linear operators 7: V. — W is £(V. /). This is a vector space.
A linear operator 7': V' — W so that

17l < Clivily

is called a bounded linear operator. It gets this name because it maps bounded sets
to bounded sets. The smallest such C is called the operator norm. An equivalent way
to define this is
||T||op = Sup ||TVHW °
v=1

Proposition 3.12
If V is finite dimensional, then the linear operator 7': V' — W where V, W are normed
spaces is (always) continuous.
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Proof. Let vy,...,v, be the basis. Write v.=>"" | z;(v)v;. Then

Z xi(v)vi] | =

Let C =37 | || Tvi|l;-- Then with the max norm, we can dominate this by

1Tl = ||T

< Z |z (VT (vi)llyy -

Z 25 (V)T (v;)

< Cmax|z;(v)| < CA|lv]ly,

by [Theorem 3.5| [Theorem 3.10|finishes. O

3.4.1. Matrix norms

Definition 3.7 (Matrix norm)
Let A € R™™™, so that A: R” — R". Equip R™ and R" with the ¢* and ¢* norm
respectively (a,b € [1,00]). The matrix norm is defined as

1Al sup || Ax], .

lIll,=1

a—b T

Many of these matrix norms can be interesting, and can motivate discussions of other
parts of linear algebra to solve.

o\ 3
m
[ A%|5_yp = > aiu;
i=1] j
2\ 3
1
<135, (zw)
i=1| \j=1 i=1
1
m n 2
=[x/, ZZWJF = |1x[|5 [|Allgs
i=1 j=1
S

We call sum (S) the Hilbert-Schmidt norm of the matrix, which does indeed define a norm,
but not the 2 norm we are looking for.
Indeed, suppose A has e-values \,..., \,. Then

2

1Algs = | DN
j=1

1
n 2
| Ax|l, = <Z Iijj|2> < max [ A [xl,

i=1

which gives us a better bound than the HS norm.

Definition 3.8 (Orthogonal vectors)
April 3, 2023 x is orthogonal to y if xTy = Y, z;y, = 0.
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Remark 3.13. The spectral theorem tells us that every real symmetric matrix has real
eigenvalues and has an orthonormal basis (orthogonal basis where all basis vectors have
norm 1) of eigenvectors.

Let U be a matrix formed out of n orthogonal basis vectors uy, ..., u,. Then UTU = UUT =
1. With this fact, we can prove the following proposition.

Proposition 3.14
For A € R"*™ so that A is symmetric,

4,5 = ma A,

where \; are the eigenvalues of A.

Proof. Create the matrix U defined before by the orthogonal basis guaranteed by the
spectral theorem. Given a standard basis vector e;, Ue; = u; <= e; = U 'u;.
Thus, AUe; = Auj, and by the linearity of U, we can show that U preserves length.
U~'AU = D, where D is diagonal with eigenvalues along the diagonal. This im-
plies A = UDU ! since U preserves length, we conclude that the maximum we can
“stretch” a vector is max; [\;].

Constructing a vector that achieves this bound requires picking an eigenvector that
has the corresponding largest eigenvalue. O

Remark 3.15 (4 € C"*"). In the complex case, we replace the word symmetric with
Hermitian, which means that A equals its conjugate transpose, AT.

Theorem 3.16
For any matrix A,

||A||2~)2 = ,m]ax |Mj|7

where 1; are the eigenvalues of AT A.

Proof.

| Ax||3 = [(Ax)T (Ax)||, = [|xT AT Ax|),
= [Ix[l, [| AT Ax|,

< [lxll; - max fpas] - 1]l -

This implies [|Al|, ,, < y/max;|u;|. To show that it reaches this bound, pick the
eigenvector of AT A that has the maximum |, |. O

3.5. Derivatives

April 7,2023 3.5.1. Fréchet derivatives
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Definition 3.9 (Fréchet differentiability)

A function f: V — W, where V and W are normed vector spaces, with U C V which
is open, is said to be (Fréchet) differentiable at » ¢ U is there exists a (bounded)
linear operator R: V — W so that

. ||F(z+h) — F(z) — Thly,

lim

=0. 3.4)
p0 Tl

If this is true, then we write T' = DF(x) = DF|,. fis (Fréchet) differentiable if all
x € U C V are differentiable. When VV = R", we say that f is totally differentiable
with total derivative Df(z).

Recall that with little-o notation, f(h) = o(g(h)) if

G
w30 llg(h)|

We can form an equivalent requirement for differentiability: Df(z) = T for z € V if and
only if
flx+h) = f(x) +Th+o(|h]), as h — 0. (3.5)

We can replace o(]|h]|) with any function E(h) so that ||[E(h)|| < o(||h]))-

3.5.2. Directional (Gateaux) derivatives

Definition 3.10 (Directional (Gateaux) derivative)
Let V, W be normed vector spaces. Suppose U C V is open. Let v € V so that v # 0.

If the limit
o f@ ) = f(@)
t—0 t

(3.6)

exists, we call it the directional derivative of f at z with direction v, and denote it

If directional derivatives exist for all v # 0, then f is Gateaux differentiable at z.

Definition 3.11

If V.= R", consider the standard basise; = (0,..., 1 ,...,0)for1 <j <n. We
jth index

denote the jth partial derivative of f at a as

9f(a)
8(Ej

= D, f(a) = lim w

(3.7

Assume that f: V — W is (Fréchet) differentiable at a. Let h = ta in S0

that . DE (¢ .
Dugiay = HEH = F10) _ DAts) ol _pyp oy

Taking t — 0, we find D, f(a) = Df,(v). Therefore, (Fréchet) differentiability implies
directional differentiability in all directions.
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Example 3.17 — The converse of this, that the directional deriative existing in all directions
implies the derivative exists, is not true in general.
Consider

z:f2+2z2§ z#0
f:R® 5 R: (z1,22) — { 2ita3
0 z=0

Pick u = (u1, u2), and take the directional derivative of f at 0 in direction u:

. fl04+tu) — £0) 1 342345 ui 4+ ud
Duf(o):,}g% ¢ T e 2a? w2 2"
ui + teus uy + u3

Note that this is certainly not linear in u. However, if f were differentiable, then it would be
linear in the entries of u:
Df(u) = ciur + coua.

So the derivative does not exist.

3.5.3. Calculus in R”

Definition 3.12

Given Q C R™ which is open, f: Q — R™ is of class C''(Q) if % exists and is contin-
J

uous for all ¢, j.

Theorem 3.18
If f € C1(Q), then f is Fréchet differentiable.

Proof for n =2, m = 1. Assume a = (a1,a2). Then %(a), and %(a) are continuous
at a. We let

0 0
T(hi,hs) = 87{1(@1, as)hi + 37:12(&1’ as)hs

be our conjectured derivative. Consider

flar + hy a2 + ha) — f(ar,a2) — T'(h1, he) = f(a1 + hi,a2 + ha) — f(a1 + hi, a2)
+ f(a1 + hi,a2) — f(a1,a2)
of

0
- aTcl(ala@)hl - 87;2(@1,&2)%-

We can bound
flar + hi,a2) — f(ai,a2) — %(ab@)hl = o(h1) = o(||A]])-

For the rest of the equation, we can find use the fact that g—mf; is continuous to find a
d so that
of of

67932(3?17552) — Tm(ahaz) <g,
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provided that |z1 — a1], |22 — az| < §. We have (for some ¢ between a3 and as + ho),

0 0 0
flar + hi,az + he) — f(ar + hi,a2) — Tai(al’GQ)hQ = 8752(@1 + h1,8)ha — 87{2(@1&2)%
0 0
= (agi(ahﬁ) i5) ha — aTi(al,az)hz
= +e- hg
= o([|Al]).
Combining these two, we find that 7" is the Fréchet derivative. O

Remark 3.19. While we didn’t prove this for the general case, a similar proof follows for
higher n, and we can seperate the function f = (fi,..., fi) by each dimension m, making
the proof the same as m = 1, repeated for each dimension.

3.5.4. Derivative rules

Theorem 3.20 (Chain rule)

Let X,Y, Z be normed vector spaces. Given open sets Qx C X, Qy CY,let g: Qx —
Qy, [: Qy — Z,and a € Qx,g(a) € Qy. Assume f is differentiable at g(a) and g is
Since all these differentiable at a. Then f o g is differentiable at a with

derivatives are

linear operators, D(fog)} _ Df| “ ODg‘ .
the chained a g(a a
derivative is a
linear operator Proof. We know g(a + h) — g(a) = Dg|,(h) + o(||h]]), and f(g(a) + k) — f(g(a)) =
from X to Z. Df| () (k) + o([|h]]). To combine these to get our result, let k = g(a + h) — g(a). Then

flg(a+h)) = f(g(a)) = Df|,,l9(a+ h) = g(a)] + ollg(a + h) — g(a)l)
= Df], [Py, (W] + Dg] lo(IhI)] + o(|| Dg|,, (R) + olIRI})]]) -
(1) (2) (3)

(1) is what we want to show is the derivative. Showing that (2) is o(||h||) directly
follows from the fact that Dg|, is a bounded linear operator. For (3), we write

o(lDgla(h) + o(lIRIDI) _ o(llPgly(h) + o(lIRIDID  [1Pgly(h) + o(lIRIDII

Il 1Dgl,(h) + o(l|A[)] [~
o(||Dgl, (h) + o([[RIDII) (H | H (”h”))
1 Dgl,(h) + o(||A]])]] o0 all /-

The term in the parenthesis remains bounded, and converges to || Dg|, |- The term
|Dg|,(h) + o(IRID[| < [|Dg],l,,, - Il + o(IAl])-

As h — 0, this term tends to 0, so by the definition of small-o notation, the other part
tends to 0 as well. O
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4. Topics in multivariable calculus

April 17,2023 Multivariable calculus concerns continuous functions f: R* — R™, where n and m are
positive integers. By our analysis of derivatives in general normed vector spaces, we can
develop a theory of multivariable calculus.

Definition 4.1 (Gradient)
The gradient of a function f: R® — R™ at z € R™ is

)
T

where 0; represents the partial derivative of f: 0, f = g 3{ .

4.1. Mean value theorem

Recall the standard mean value theorem: for g: I — R, where I C R is an interval, and
a,b € I, there is a £ between a and b so that ¢(b) — g(a) = ¢'(£)(b — a).

Theorem 4.1 (Mean value theorem for real-valued functions)

Let © C R™ be an open set. Suppose a,b €  so that the line segement between a
If we want £(a, b) and b, ¢(a,b) := {a+t(b—a)|0 <t <1} is contained in Q. Suppose f: Q@ — R is
to exist for all differentiable on ¢(a,b). Then there exists a vector £ € /(a,b) so that
a,b € Q, then we
need Q to be f(b)—f(a):Dflg[b—a].

convex.

Proof. We apply a change of varibles to g(t) .= f(a+¢(b—a)). We may now apply the
MVTon R — R to g. So

g(1) — g(0) = ¢'(7)(1 — 0), for some 7 € (0,1).
Let U(t) = a+t(b —a). Then g(t) = f(U(t)), so by the chain rule,
g'(r) = Dy|, = Df|y,DU|, = Dfl,, p_ab—al 0
We naturally want to ask if there is a mean value theorem on R"-valued functions. The

only reasonable way for us to do this would be to apply the mean value theorem to each
coordinate. However, we can quickly find counterexamples to this.

Example 4.2 (MVT does not hold for R* — R™) — Define fi(t) = 3, f2(t) = t°, and let
f: R — R? be defined as f(z) = (fi(z), f2(x)) = (z*,2%). Consider applying the mean value
theorem to each entry. Then

1= fi(1) = A0) = ft)(1—0) = t;1 = %
1= f2(1) = f2(0) = f/(t2)(1 — 0) = t = \/g

These would be our only options of ¢, but they do not agree, so a generalized MVT will not work
for R"™-valued functions.

42



Analysis Il Notes 4.1 Mean value theorem Pramana

Remark 4.3. This also means that we cannot generalize MVT to complex valued func-
tions, since C behaves somewhat like R? (formal proof is not given here).

Despite this, we can achieve a bound similar to the mean value theorem.

Theorem 4.4 (Mean value theorem on R™ for integrals)
Let Q C R" be open, and convex, and let f € C'(Q2). Then for all a,b € ,

)= f) = [ Vi(ati(b )b a)ar

Proof. Apply the formula in 1 dimension to g(t) = f(a+ t(b — a)). Since f(x) =

[ f1(x)
: , we have
_fm(x)
[ f1(b) — fi(a) Jo Vhi(a+t(b —a))(b—a)dt .
: = : ::/ Df(a+t(b—a))-(b—a)dt
() = fm@)] |1 Vinattb-a)b-a)d]

O

We note that Df(a+¢(b —a)) is an m X n matrix, and is therefore also an operator, which
acts on the n x 1 vector (b — a). With that noted, we can prove the following theorem.

Theorem 4.5 (Mean value inequality)

A proof exists for Let R" and R™ use the Eucliean norm Let the norm on matrices be the operator norm.

all norms, but | Then for f: Q — R™ that is differentiable on ¢(a,b) € 2, we have
using the 2-norm

is convenient for f(b) — f(a)|| < sup HDf’ H b —al.
us. gel(ab) Ellop

Proof. Since we are working in the 2-norm, we have

1£(b) = f(@)II* = D (fi(b) — fi(a))(fi(b) - fi(a)).

i=1
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Define g(t) = 3.2, (fi(b) — fi(a)) fi(a + (b — a)). Then

1£(b) = £(@)]I* = lg(1) - g(0)|
lg'(7)(1 = 0)|

(7
Z )vf’|a+7—(b a) (b - a)

1
2

2
< |If(b) a)| (Z ‘Vfl atrb_a) (P~ a)’ ) (Cauchy-Schwarz)

= 11706) = S @)l | Pf B~ )|
<1/ - f@Il- _sw [Drl] b-al

By cancelling || f(b) — f(a)|| on both sides, we get the inequality. O

4.2. Inverse function theorem

April 19,2023 Recall the inverse derivative result from analysis I: Let f: [z1,22] — R be differentiable
on (z1,x9) so that f/(x) > 0 for all z (i.e. f is strictly increasing). f: [z1,22] — [y1,¥2] is
bijective with an inverse f~': [y1,y2] — [21,72]. Then we have

Proposition 4.6 (Local inverse function theorem R — R)

Consider f: [x1,22] — R. Suppose f’ exists near a € (x1,z2) and f/(a) > 0 for all such
values in that interval. Further, suppose that f’ is continuous at a. Then there exists
an interval U,V C R so that f: U — V is invertible.

Example 4.7 (Global vs. local invertibility) — Let f(z1,22) = (z1cosx2,z1sinzs). This
function is not globally invertible, as f(z1,z2) = f(z1,z2+27). However, if we restrict ourselves
to (z1,22) € (a,b) X (¢,d), where 0 < d — ¢ < 27, 0 < a < b, then we have invertibility.

Definition 4.2

Let Q C R™ be open, and let f: Q@ — R™. For a € 2, we say that f is locally invertible
if there exists an open set U containing a, and an open set V' containing f(a) so that
f: U — V is invertible, with inverse denoted f \,}1, so that

fFUfx)=x, vxeU,  f(f ' (y)=y, VyeV.
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Recall that Df]|,
is a matrix in
Rn Xn .

April 21, 2023

This means that
f(x,g(x)) is part
of the zero set, as
described before.
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Theorem 4.8 (Inverse function theorem)

Let Q C R™ be open, and let a € 2. Suppose f: 2 — R" is a function so that D f exists
on ), and Df|, is invertible. Further, suppose that x — Df|, is continuous. Then
there exists an open U containing a and an open set 1 containing f(a) so that f| is
invertible, f~': V — U is differentiable, and

DY, = (D],

where y = f(x).

4.3. Implicit function theorem

Some functions are implicit, in that they are not solvable purely in terms of x or y. For
example, the function of a circle, 22 + y? = ¢, cannot be turned into a well-defined graph
in terms of y (or x).

Example 4.9 — While the above is true, we can try and solve parts of the function. Given
2?4+ y* — ¢ = 0, we want to find g(z) so that 2 + g(x)?> — ¢ = 0. Suppose we look “near” = = 0
and y > 0. Then we can write y = v/¢c — 22 =: g(z), which will give a function for our circle in
terms of x near 0.

In general, suppose we are given a function f from some open set in R"*™ to R™. We

may split the input variables into two vectors, x € R", and y € R™. We start with writing
f as f(x,y). Then we want to find g(x) so that

f(x,9(x)) = 0.

This is the setup for the following theorem.

Theorem 4.10 (Implicit function theorem)

Given an open set ) C R*™™ let f: O — R™. Consider (xq,yo) € Z, where Z =
{(x,y) : f(x,y) = 0} is the zero set of f. Suppose that f € C'(Q,R™) and D f, . -
is invertible. Then there is an open U containing x, and an open V containing y, so
that there is a differentiable function g: U — R™ such that

ZNUxV)={(x,y):xeU,yegx)}.

We also have
_ D —1 l)
Dg’x ( ’Uf) ‘(x,g(x)) °© Zf|(xvg(x)).

Proof. Define F': (x,y) — (X, f(x,¥)). To prove this, we would like to show that F
is locally invertible, and find the inverse F~! (x,0). To do this, we want to apply
We first need to show that DF is invertible. Indeed, we can show that

Iixn | 0O ]
DF = '
|(Xo7yo) { Dxf|(xD,y0) ‘ Dyf|(Xo,YO)

Thus,
det(DF‘(XOsyU)) = det(Dyﬂ(Xo,yo)) # 0,

since we have assumed D, f|, . . is invertible. F'(xo,yo) = (x0,0) by assumption.
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=™ < [|H|™
for this.

April 27, 2023
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F has an inverse G = F~! near (xg,0). Consider F'™(U, V) of (xg,0). Define G as

G(Xa Y) = (Gl (X7 y)a GQ (Xa y)) - (Xa G2 (Xa y))

By setting g(x) := G2(x,0),we have f(G(x,0)) = f(x,9(x)) = 0.
To get our formula, we now know for x near xo, f(x,g(x)) = 0. Let w(x) = (x, g(x)),
so (f ow)(x) = 0. Then by the chain rule,

DU o) gy = P by © Dl
In m
= {Dxﬂ(x,g(x)) Dyf|<x,g<x>>} [D;x]
= Dxf + Dyf’x,g(x) © Dg|x =0,
which is equivalent to our formula. O

Remark 4.11. If A € GL,(R) (the set of real, invertible n x n matrices), then A + H €
GL,,(R) for sufficiently small H. To show this, consider first 7+ H. I claim this is invertible
if |H|| < 1. We have

I+H) ' '=I-H+H*-H*+--, (I-H) '=I+H+H*+H+ .
With our assumption, we can write
I+H+--+H™(I-H)=1-H"",

and a similar formula for I + H. Since HH m+l1 || converges to 0, we are done. To extend this
to general A, we can write
A+H=AI+AH).

Since |[A7'H|| < ||A7!|| ||H|, we can get invertibility of A+ H when || H|| < ﬁ.

4.4. Proof of inverse function theorem

Take a moment to recall the conditions for [Theorem 4.8] We will prove that (1) an inverse
[~ 1 exists, (2) the set V = f™(U) is open, and (3) Df~* ’y = (Df],)~".

Proof of inverse function theorem. We will turn f(z) = y into a fixed point problem
and apply Banach’s fixed point theorem. Let 2 = ¢, (z) == = + (Df],) ' (y — f(2)).
Thus, finding a fixed point of ¢, () is the same as finding « so that f(z) = y. For
every y,

Dy, =1-(Df|,)"'Df|,
= (Df],)"(Df|, - Df|,)
= [[Dgyll < [(DF])" |- 1D, = DL -

Choose U so that for x € U, || Df|, — Df|,|l < m. We now apply(Theorem 4.5

For z,z2 € U,

- 1 -
Dy || e = &l < 5 1o — 311

ley(x) — @y (Z)[| < sup

Eel(z,x
Thus, ¢, has a unique fixed point « for all y. Define
f:U— f™U)=V.
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Next we show that V is an open set containing f(a). For every y € V, we show
there is an open neighborhood B(y,c) C V. Fix yo € V. Since f|;, is injective, there
is only one z( so that f(z¢) = yo. Consider r > 0 so that B(xg,7) C U. This is a
Banach space. We want to show that for ||y — yo|| < & := W, the map ¢, is a

contraction on B(xg,r) (the closed ball). This implies y € fi™(B(xq,r)) C V.

Iy () = zoll = llpy () — @y (w0) + @y (z0) — o
< ey (@) = oy (o)l + [lpy (o) — ol| -
(1) @

For (1), we can bound

1 T
lly(z) — @y(zo)|l < 3 |z — zol] < 3

For (2),

ey (o) = aoll = [|(DF],) ™ (y = f(wo))
< [1DfI)7 N, - lly = £ o)l
e
<e
.

We now use the fact that there is a funcion g: V — U, where g(y) = f~*(y). Let
x=g(y), and k :== f(z + h) — f(x). Consider

lg(y + k) — g(y) — (Df|,) " K] -
We want to show that this is o(||k||). Write

1Al = |2 = (D],) 7 k] + (D) K]
< [|b = @) W + [ F]) 7 R
< [[a = @) W+ @A), 141

To bound the first term,

h—(Df| ) 'k =h+ (Vf],) " (f(z) - f(z + h))
=z+h—z+(Df| ) f(@) —y+y— fl@+h)
= py(z + h) — py(2).

The norm of the last line is bounded by 2 ||A|. Thus,

IR < @1, Ik
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To prove the total derivative of the inverse function, we have

Hg(y+k)— 9(y) — (Dfl,)"* H H 9(y + k) — g(y) — (Df|,) " [f (@ + h) — f(2)]
1&] [1&]
_ H 9y + k) —g(y) — (Df,) " [f(@+h) — f(=)] ’IIhI
thl %]
(D -1 — Df| [h
< (D)7 ., - If(z +h) = f(z) — DfL, ]l oo
||h||
4.5. Higher-order derivatives
Write gj =: 0;f. For higher order, we denote the mixed derivative as 9,9, f = 7~ ang

We want to say something about the relationship between 0; 0;f and 0; 0;f. Define the
finite difference operator as Ap, f(x) == f(x + h) — f(z). Then we can see

8if(a) = lim M

h;—0 hi ’

and

Ah]eJ- (Ahlelf(x)) )

hj—>o hi—0 hjh;

For any vector h, k, we have A, (A f) = An(Axf). However, we may see different effects
in the limit.

Theorem 4.12 (Schwarz's theorem)

Let U C R" so that 0;f,0;f, and 0, 0; f exist in U and 0; 0; f is continuous at a € U.
Then 0; 0, f exists at a and 9; 9; f(a) = 0; 0; f(a).

Example 4.13 (Conservative vector field) — Let U C R", and F': U — R". Is there a function
g so that
0

axi

g=F7?
If we assume this is true, then
81- 8jg = aj &-g — &-Fj = ajFl

It turns out that this is necessarily true if ' = Vg, and sufficient if U is a convex set. In that
case,

o(x) = / (x — a)T Fj(a + s(x — a)) ds,

for an arbitrary line v (parametrized from 0 to 1),
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5. Approximation Theory

5.1. Weierstrass approximation theorem

Theorem 5.1 (Weierstrass approximation theorem)

For every continuous function f on [a, b], there exists a sequence of polynomials that
converge uniformly to f.

For a proof of this, see my Analysis I notes. The main tool for this is to use Bernstein

polynomials: ,
Bty =31 (%) () ra-om.
k=0

We can prove that for [0, 1],

lim sup (Bnf(t) — f(t)) =0,

n=00 ¢[0,1]

which is the result we want.

Keep in mind that an equivalent way to write the Weierstrass approximation theorem is
“Rlz], the set of all polynomials with real-valued coefficients, is dense in Cla, b] (with respect
to the sup metric)”. This wording will show up in the more general Stone-Weierstrass
theorem.

5.2. The Stone-Weierstrass theorem

Theorem 5.2 (Stone-Weierstrass)
Let K be a compact metric space, and A C C(K). Assume that A:

1. Is a self-adjoint algebra. That is, given f,g € Aand c € C,
f+g7f'gacfa?€“4'

2. Seperate points. For z,y € K so that « # y, there exists f € A so that f(x) #
fy).
3. Vanishes nowhere. For all z € K, there exists f € A so that f(z) # 0.

Then A is dense in C(K).

Proof of Stone-Weierstrass in [R. When we assume that all functions maps to R, then
we can remove the assumption that f € A, and let c € R.

Claim 5.1. Assume that A is an algebra satisfying the assumptions of
Let x1,...,z, be distinct points in K, and let ¢;,...,c, be arbitrary scalars. Then
there exists f € A so that f(z;) = ¢;.
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Proof. For every pair (i, j), i # j. There exists g, ; so that g, ;(x;) # g; ;(z;). For
every j there exists h; so that h;(z;) # 0. Let

i#]

u;(z) = [H(Qi,j(ﬂf) —gz‘,j(%‘))] ~hi(),

wiey = O ERAD
A T

This proves Then taking a linear combination of u; gives us the desired function f. |
Stone-

Weierstrass in . — . .
the case where K If A is an algebra, then A is an algebra, since f,, + g, — f + ¢, fngn — f9, cfn — cf.

is finite. Claim 5.2. If f € A, then |f| € A.

Proof. Use for the function g(y) = |y|, and put y = f(x). Given
f, since K is compact, we have —M < f(x) < M. By[Theorem 5.1} there is a

sqeuence (¢,) that converges uniformly to |y|. Since ¢,(0) — 0, define p,,(y) =
an(y) — qn(0). Then

sup |pn(f(2)) = [f(@)|| =0,  n— oo =
zcK

Claim 5.3. If f, g € A, then the functions z — max { (), g(z)} and x — min {f(z), g(x)}
are both in A.

Proof. We can write

max{f,g}z%Jr@, min {f, g} =

f+g |f—4d
2 T

Claim 5.4. Fix a function f € C(K). For every y € K, there is a function g, € A so
that g,(y) = f(y), and g,(z) < f(z) + e forall z € K.

Proof. Fix y. Choose a function h, , € A so that h,,(y) = f(y) and h, ,(z) =
f(z). There exists a neighborhood U, so that h, ,(t) < f(z)+e¢ fort € U,. Choose
an open cover (U,).cx of K. There is a finite subcover {U,,},_, , since K is
compact. Therefore, we have h,, ,(t) < f(t) + ¢ fort € U,,. Then o

gy = min hy, , = g,(t) < f(t)+¢e, VtekK. [ |
1<i<n ’

With our function g,, we can find an open ball V, so that g,(¢t) > f(t) — ¢ for all
t € V,. Let (V,),cx be an open cover of K, and choose a finite subcover (V,;);=1,....m-
Therefore,
o= max gy, = f(t) —e < ¢(2).
<j<m

Since ¢(t) < f(t) + ¢ as well,
If(t) —o() <e, VieK,

therefore, f € A. O
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