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1 Groups Pramana

1. Groups

1.1. Basics

September 04, Groups are related to the symmetries of objects.
2024

Example 1.1 (Familiar groups) —
1. Symmetry groups:

Sn = {bijections {1,...,n} = {1,...,n}}.

2. Dihedral groups: Dy,.
3. Cyclic groups: Z/nZ.

4. General linear groups: GLy, (R), GL, (C); invertible n x n matrices.

1.1.1. Subgroups

Given a group G and a subset S, the subgroup generated by S is (1) the smallest subgroup
containing S, or (equivalently, but requiring a proof) (2) the intersection of all subgroups con-
taining S. We denote the subgroup generated by S as (S).

Example 1.2 — In S5 consider the elements a = (12345) and b = (12). What is (a, b)?

To compute the subgroup, we can’t really use the definitions. We just need to take
products of a and b (loosely, (a,b) = {a*1bP1 ... a%nbPn | oy, B; € Z,n > 0}). It's still
hard to get the answer (S5) in practice.

Example 1.3 — In S5 consider the elements a = (12345) and b = (12)(35). Whatis (a, b)?

Here, we can draw a picture of a pentagon and imagine what the element a and b do
to the vertices. We notice that they represent a reflection and a rotation, so we know the
subgroup is isomorphic to D1g.

1.1.2. Cosets and quotients
Let G be a group and H < G. G/H is the quotient of H in G. We define

G/H :={cosets of H in G}.

Recall that a (left) coset of Hin G is gH = {gh|h € H} C G. A right coset is defined by
Hg = {hg | h € H}L.! So G can be either split into left or right cosets, with (at least) H as a left
and right coset.

If H is normal, i.e. gHg~! = H for all g € G, then G/H is actually a group.

Proposition 1.1

There are the same number of left and right cosets.

! Another way to define left (resp. right) is by the equivalence relation a ~bif a='b € H (resp. a ~ bif ba™! € H).
3
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Proof. This follows from the fact that (gH)~' = Hg~'. We are essentially taking the
bijective anti-homomorphism! x + x~! and showing it descends to a bijection between
the left and right cosets:

GLW,G

| | .

G/H —— H\G
bij.

1A function between groups ¢: G — His an anti-homomorphism if @(ab) = @(b)e(a).

The index of H in G, denoted [G : H], is the number of (left/right) cosets of H in G, i.e.
|G/H].

Proposition 1.2

September 06, The following are equivalent:
2024

1. HK G,

2. left and right cosets coincide,

3. (g91,92) — g192 is a well-defined map from G/H x G/H to G/H.

Remark 1.3 (“French style”). The last statement is equivalent to the existence of a unique
homomorphism on the bottom of the following diagram that makes it commute

G % G(thz)'—)gl QzG

l }

G/HxG/H ----- G/H

1.2. Quotients and homomorphisms

If ¢: G — His a group homomorphism, letker ¢ ={g € G: ¢(g) =e}.

Theorem 1.4 (First isomorphism theorem)
Let ¢: G — H be a group homomorphism. Then

©(G) = G/ ker o.

Remark 1.5. We implicitly assumed that (1) ¢(G) is a group, (2) ker ¢ is a normal subgroup,
and (3) ¢ induces an isomorphism between the two sides.

G—% S+ H

| U

G/kero —— ¢(G)
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Example 1.4 (Simple application of Theorem 1.4) — If |G| and |H| are coprime, then the
only homomorphism ¢: G — His ¢ =e.

Theorem 1.6 (Second isomorphism theorem)
Let G be a group and let N be a normal subgroup and K a subgroup. Then

KN/N = K/(KNN).

Remark 1.7. We have more implicit assumptions here: (1) KN N isnormal, (2) KN ={ab | a € K,b € N}
is a subgroup, (3) N is normal in KN (4) how we define the isomorphism.

(1) is easy to show. (2) is because KNKN = KKNN = KN (using normal subgroup proper-
ties). Note that KN = NK = (KUN) = KV N.

Proof of Theorem 1.6 (sketch). We check that the group homomorphism K — G/N: a —
a - N has kernel KN N, and then prove that KN /N is the image. Then we apply Theo-
rem 1.4 to finish. O

Theorem 1.8 (Third isomorphism theorem)

Given H,K < Gand K C H,
G/H=(G/K)/(H/X).

Theorem 1.9 (Fourth isomorphism theorem)
Given K < G, there is a bijection preserving normality
{subgroups of} -~ { subgroups of }
G/K G containing K
Hi ' (H)
n(H) =H/K«H

Remark 1.10. Now that we are talking about isomorphisms, it is worth explaining that these
notes will write “=" for isomorphism. Whenever this happens, we mean that there it is “nat-
ural” in some sense.

The idea is that these equalities will not require a choice of elements in the group (or rings,
modules, etc. later). We could also explain this via the categorical language of natural trans-
formations later.

1.3. Symmetric groups

Let n € IN. The symmetric group Sy, (or £,) consists of all permutations (f: {1,...,n} —
{1,...,m} such that f is bijective). A cycle of length k (i1i; - - - i) is a permutation such that
1 1441 (mod k)- A transposition is a cycle of length 2. Note that [Sn| =n!.

Lemma 1.11
Any o € Sy, can be written as the product of transpositions.
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Definition 1.1
A permutation o € Sy, is called even if it can be written as a product of an even number
of transpositions, and odd otherwise.

Theorem 1.12 (Even/odd is well defined)
Every permutation is even or odd, but not both.

If we assume the theorem is true, then we may define

—1 if oisodd,
+1 if oiseven.

sgn(o) = {
The map sgn: S, — ({—1,+1}, - ) = Z/2 is a group homomorphism. When n > 1, there are
odd permutations, so sgn is surjective. Define
An =ker(sgn) < Sy,

which we call the alternating group.
Given a permutation 0 € Sy, it will be helpful to use the following quantity: A(o) =

[1;<«(ij —ix). For example,

12 3
A(Z 1 3):(2—1)(2—3)(1—3):2,

A<] 2 3) L (2-3)2-1)3-1) = 2.

2 3 1
Proof of Theorem 1.12. Let

( 1 2 ... n)
o=1|. . I
’L] ‘Lz DY ’Ln
Notice that for all 0 € S, A(o) will be £k for some fixed k (in particular, it is nonzero).
Claim 1.1. If ¢ is the transposition (cd) (with ¢ < d), then
A(60) = —A(0).

If we prove this claim, then we are done because A(o) # 0 and if o were both even
and odd, then we could write

C=Ti T =T, T
for k even and £ odd, then
Alo) = (=1)*A(3d),  A(o) = (=1)'A(id).
But this means A(id) = —A(id), which means A(id) = 0, which is a contradiction.
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Proof of Claim 1.1. We have
06—(.1 ‘c .d 'n>'
11 .« . 1d .« e "LC “ .. ’Ln
So

j< c<j<d j=c
k=d k=d c<k<d

Ao) = | [T@G—-w | [ TTG-w) || TTG i IT G—-i IT Ge—i)
j=c
k=d

-
s
[eTe]

[TG—wd | [ TTG—1e) | | TTG—)

j=c¢ k=c j=d
d<k j<k j<k
E F P
= (—H)(A) (AN 'D(-1)4"*"'CGBE
= —ABCDEFGH. m
So we are finished. O

September 11,  Another way to calculate sgn(o) is to find the number of inversions:

2024
#{0,%) 1 <k i > ik}

Then sgn(o) = (—1 )#{(i,k)|j<k,ij>ik}.

Example 1.5 (Conjugation in S;;) — In the symmetric group, conjugation is something
like “re-indexing.” For example, considering v = (25)(34) and s = (12345) in S5, we
have that

rst ! = (15432),
because we changed 2 — 5, 3 — 4 in the labelling or s. This is because we expect rsr™
to have the same properties as s.

1

Proposition 1.13
Ifo=(i---ir) € Spand T € Sy, then Tot ! is the cycle

(ti1) t(iz2) - =(in)).

Definition 1.2
A group is simple if it has no non-trivial ({e} and the group itself) normal subgroups.

Theorem 1.14
Anqn is a simple group & n #4.
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1.4. Product of groups

We know what a product is, but it is worth getting an alternate perspective through the lens
of abstract nonsense. In this case, we define the product A x B of sets to be a set with two
projection maps ma: A X B — A, mg: A X B — B satisfying the following universal property:
given a set C and maps f: C — A and g: C — B, there exists a unique map h: C — A x B
such that the following diagram commutes:

We can use this same universal property to define the product of groups: G x H. Instead
of functions of sets, we use functions of groups: G x H is a group combined with projection
homomorphisms g : G X H x G, ryy: G x H — H such that for any group L with homomor-
phisms f: L — G and g: L — H, there exists a unique homomorphism k: L — G x H making
the following diagram commute:

We know how to explicitly construct G x H: we let its underlying set be the set-theoretic
product G x H with operation

(g,h)(g’,h') = (gg’,hh').

Exercise 1.1. Prove that G x His a group (easy) and that G x H satisfies the universal property
described above (slightly harder).

Exercise 1.2. Show that the product is unique up to isomorphism (in sets and groups). [Hint:
Show that the proposed isomorphism h composed with its proposed inverse k satisfies ho k =
id and ko h = id. Use universal properties! If this is confusing now, it might become more
clear in subsection 3.1]

Remark 1.15. Let A be an arbitrary (possibly uncountably infinite) indexing set. Recall that
the arbitrary products of sets can be thought of as functions with a special property:

HAa—{f:AH U Aoclf(oc)EA“}.

xeA xeA

We can use universal properties to describe the arbitrary product of groups: [ [, c 4 G«

1.5. Free groups

A “free” object conceptually represents an object without any relations (other than those given
by the axioms of the object).
8
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Let X be a set. A group F with a map (of sets) X — Fis said to be a free group on X if?, given
any other group H with a map of sets X — H, then there exists a unique homomorphism
F — H such that the following diagram commutes:

~

X

!

T <‘[u“ -1

Example 1.6 (Free group on 1 element) — Let X = {1}. We claim the free group on X is
Z with the map X — (Z,+): 1 — 1. We will prove it is universal. Suppose we have a
group H with a map {1} — H: 1 — h. By constructing a map Z — H, we are forced to
have 0 — O and 1 — h, 2 — hZ, etc.

1.5.1. Explicit construction

Elements of the free group on a set X, F = F(X) are strings (or words) of the form
g1---9gn, nZO,giE{XIxeX}U{x*‘ |xex}.3

n = 0 gives you the identity in F. If we want a unique representation for every word, we need
reduced words, which never have x and x ! adjacent. The group operation is concatenation:

(91---9n) (91 9m) =91+ 9ng1 - Im,

followed by reduction.
We have a second construction:

F= {strings x7" - - - xq™ | xi € X,x{ #xi41,n > 0,3 € Z\{0}}.

Example 1.7 (Free group on 2 elements) — While F({1}) was easy, F on a 2 element set is
harder. Let X ={g, h}. Then

F = {strings x{'x5% - - - x0" [ x; € X, xi #Xi41,n > 0,00 € Z\{0}}.

It’s easy to check that this definition satisfies the group axioms, except associativity, because
of the reduction after multiplication.
One can prove that F(X) satisfies the universal property we desired of the free group on X:

We can imagine X goes into G to “represent” some elements of G. The elements in F(X) rep-
resent multiplying those elements of G together without the relationships between elements
defined in G, and f means “adding” the relations in G.

Since the elements of X does not really matter, we may instead use the cardinality of X to
describe a free group F|x|, e.g., F.

2
3

we could finish here by ending with “it is universal.”
x~1 is just a symbol (completely different from x) for now; it doesn’t inherit and inverse structure from X if it was,
e.g., a group.

9
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Proposition 1.16
f is surjective <= (f(X)) = G.

Remark 1.17. It’s worth noting the philosophy of the last two constructions: we started with a
universal property of some sort and then created a set, group, etc. that satisfied this universal
property. In the case of free groups, it was relatively easy to state the universal property, but
hard to actually construct the group.

1.5.2. Relations
Example 1.8 — Let X ={A, B, C}, and G = F({g, h}).

X — F(X
{9, h})
Suppose we send A — ghg, B+ gZh?g?, C +— g>h3g3. Then

f(F(X)) = <ghg, g°h? 2,...>.

It turns out that kerf = {e}. This is counterintuitive because we have shown there is
a copy of F, as a subgroup of F3, but also there is a copy of F3 as a subgroup of F;.
Moreover, one can show they are not isomorphic.

The relations on G leads to an isomorphism
G =F(X)/N,

for some normal subgroup N. Informally, N is “adding the relations” to F(X).

Example 1.9 (Symmetric group) — Let S = ((12), (12 - - n)). Then we can think of some
isomorphism
F, /some normal subgroup — S,.

We know (12)(12) = id, so we would expect (1 2)2 to be in the normal subgroup above.

Example 1.10 (Dihedral group) — Suppose s, € Dy, represent T rotation and reﬂectlon
respectively. Dy, is defined by the st =g, TZ =e rsT =5 '. Let
Y = {s“ —e, 2 = e, rst— ! =571 } In this case, we get a quotient of the free group on s
and r as

F({s, T/ (Y).

But (Y) is not necessarily normal. So instead we consider the
, which consists of conjugation of every element of Y by g € F({s, }):

Y = <9Yg_1 | g € F({s,r})>.

Now let’s prove that F({s,})/Y’ is isomorphic to D,. It’s easy to check that Dy, is
generated by {s, 1}, and that the relations hold. But this doesn’t show an isomorphism

10
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yet.
We know that we have a map
F({s,1}) = Dn

by the universal property of the free group. It's clear that the kernel of this map con-
tains Y'. To show the other direction, we want to show that any relation in Dy, be-
tween r and s is built out of relations in Y. This is more technical. To do this, we
will show that there is a canonical form of elements in F({s,7})/Y’ (note that D,, =
{r*sP|a=0,1,=0,1,...,n—1}).

Consider an arbitrary element

r®¥1gP1 . pemgBm  F({s, 1)),
With ts = s~ 'r, we can bring the 1’s to the left and get an element of the form
r%sh,

Then we can use s™ and 12 to show « = 0, 1 and p=01,...,n—1.

Definition 1.3
Given a set X of generators and Y C F(X) of defining relations, we may define a group

G =FX)/ {g¥g™" g € FO)) = (X|Y).

Example 1.11 — Let X ={s1,...,sn_1}, where si2 = e, 5i8j = sjsj unless [i—j| = 1, and
$iSi4+1Si = Si118iSi+1. It turns out this defines S, by letting s; ~— (i i+1). The first
two properties are easy to check. The last property, the braid relation, is a little harder to
check, but is still true.

Dropping the s? = e relation, we get the braid group.

Theorem 1.18 (Universal property)

Given X, Y C F(X), agroup H,and amap f: X — H such that the relations Y are satisfied'.
Then there exists a unique homomorphism f: F(X)/ (gYg~' | g € F(X)) — H such that

f(x) = f(x).

Notice that f induces a map F(X) — H. Then we say that the relations Y are satisfied if Y C F(X) gets sent to
the identity by this map.

Remark 1.19. Universal mapping properties determine a group (up to isomorphism). Details
later.

1.6. Free products of groups

We would like to create a free group, but instead of a generating set X, we want it to be some
groups, and allowing elements of the same group to interact as normal.

11


https://en.wikipedia.org/wiki/Braid_group

1.6 Free products of groups Pramana

Theorem 1.20 (Universal property of free groups)

Let {G; | 1 € I} be a family of groups. Let F be a group with a family of homomorphisms
ti: Gy — F. Consider a family of homomorphisms 1;: G; — H to some group H, then
there exists a unique homomorphism 1: F — H such that the following diagram com-

mutes
" T

G1*>F

for all i € 1. In other words, F is the coproduct in the category Grp.

For example, with two groups G and H, we have the following diagram:

This group F describes this “free group formed out of groups” structure we wanted at the
beginning of this section.

Definition 1.4

Given two groups G, H, we have an operation called the free product G * H. We define
it as

GxH={gihy - --gnhn|gi € G, hi € H, g1, hn can be e, the rest cannot,n > 1}.

Another way to think about G * H is as the free group on G LI H mod the relations given by
the group G and H. We also have

(X3 1Y1)* (X2 1Y2) = (X3 UX2 [ Y7 UY2).

Compared to the direct product G x H, G * H would need to add the relations gh = hg for
g € G, h € H,soitis “larger.”

12
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2. Structure of groups

2.1. Structure of abelian groups

For general groups, there is a difference between images and kernels of maps. They correspond
to subgroups and normal subgroups. A similar property happens for rings, giving us subrings
and ideals. Importantly, in abelian groups, these concepts coincide, because all subgroups are
normal.

Definition 2.1
The free abelian group on Xis

F(X)? = F(X)/ <<ny_]y_1 >> .

F(X)® = {Z axx | all but finitely many/almost all ax are O} czX= H Z - x.

xeX xeX

Another way to write the second set above is with the direct sum instead of the direct product:

Pz x=z
xeX

Every abelian group G is isomorphic to
F(X)?® /some subgroup.

This is a presentation by generators and relations.

Theorem 2.1 (Structure theorem of finitely generated abelian groups)
If G be a finitely generated abelian group, then

n
G=7Z"/ (@riz> , T € Z.
i=1

2.1.1. Subgroups of free abelian groups (of finite rank)

September 25, For the remainder of this section, “free group” refers to free abelian group. If G is any finitely
2024 generated abelian group, then choosing some finite set of generators X C G, we have a sur-

jective homomorphism Z®X — G. This induces an isomorphism Z®X /H = G.

Theorem 2.2

For any subgroup H C Z7, there exists a basis of Z", call it (eq,...,e;) such that H =

(d1eq,...,drer), whered; € Z,d; > 0,and dq | da | --- | dy.

Corollary 2.3

With H < Z" with the dq | - - - | dy given by Theorem 2.2, we have
Z'/H=(Z")/ (M Zs - e dZ) = (Z/d)) & & (Z/dr).

13
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Some of the dy’s can be zero (these will be at the end), in which case the last theorem has
Z./0 = Z. Some of the dy’s can be 1 (these will be at the beginning), then we have Z /1 = {e}.

Corollary 2.4
Any finitely generated abelian group is isomorphic to the product of cyclic groups.

Remark 2.5. Theorem 2.2 generalizes to finitely generated modules over a PID, so its proof
should belong to the modules section.

We have by the Chinese remainder theorem, e.g., Z/2 ® Z /3 = Z /6. So we can change the
form given by Corollary 2.3.

Theorem 2.6
Any finitely generated abelian group is isomorphic to

1. (invariant factors) (Z/d1) @ -+ @® (Z/dy) ® Z'. The first k parts of the sum are
the torsion group, and Z is the free part. These are unique given d; | - - - | dy and
d; > 1.

2. (elementary divisors) Z/p{"' @ Z/p5* & - ® Z/pm™ ® Z', where p;’s are prime
and o; > 1. This is unique up to reordering the p:'*’s.

September 27,  Before we prove Theorem 2.2, we use the following fact:

2024 pact2y. Any basis of Z" has r elements.

Corollary 2.8
Any subgroup of Z" is free.

Proof of Theorem 2.2.

Lemma 2.9
Suppose x € Z" is primitive.l Then Z" has a basis e7, ..., e with e] = x.

lie. ifx = (aj,...,ar), then ged(ay,...,ar) = 1. Equivalently, x ¢ d - Z" forany d > 1

Proof. Start with x = }_; a;e;, where e; is the standard basis of Z". Consider the
operations (1) e; +— —ej, and (2) giveni # j, e; — e; +¢j.

In terms of coefficients, (1) sends a; — —aj, and (2) sends a; — aj — a;. Algo-
rithmically, we can subtract smaller numbers from larger numbers until all but one
a; vanish. Since x is primitive, a1 =1,a =--- = an =0. |

Note that any x = (ay, ..., a,) can be written as d - x/, where d = ged(ay, ..., ar) and x’
is primitive.

14



September 30,
2024

2.2 Group actions on a set Pramana

Lemma 2.10

Suppose x = d-x' for d > 0, x’ primitive. Giveny ¢ dZ". Then there exists
a,b € Zand z = ax + by such that z = d - z/ for a primitive z/,and 0 < d < d.

Proof. Use Lemma 2.9 to change the basis so that x’ = (1,0,...,0) and x = d -
x" = (d,0,...,0). Hence, there exists a € Z such that y + ax = (z1,...,z,) for
z1 €{1,...,d}. We have

ged(z1,...,2¢) < z7 < d.

If zy # d, we are done. If z; = d, then sincey ¢ dZT, there is some entry that
makes ged(zq,...,2z:) # d. |

Take x € H\{0}. Write it as x = d-x’ for primitive x’. Either H C dZT, or, by
Lemma 2.10, there exists X € H \ {0} where X = d - X' for primitive X’ and d < d. Repeat
this until we find x = d - x’ such that H C dZ". Form a basis e; = x’,e3,...,er of Z" by
Lemma 2.9. In this basis, H 3 (d,0,...,0) = x. Every element of H is of the form

ax+d(0,by,...,b:).

Consider
{(bz,...,bs) ] (0,dbs,...,dby) € H} C Z"!

and continue inductively.? O

2What we did here was show that H = dZ & H/, where H' is some subgroup of Z"~'.

2.2. Group actions on a set

We now pivot to arbitrary finite groups. The main tool we will use is group actions.

Definition 2.2
Let G be a group. A (left) action of G on a set X is a map

GxX—=X
(g,x)—g-x

satisfying
e-x=Xx
(9192) - x=g1 (92 -x).

We write G ~ X. A set that G acts on is called a G-set.!

1 G-sets are to a group G as R-modules are to a ring R.

Example 2.1 —
1. Gactsonitself: X =G and g-x = gx.
2. G acts on any set trivially: g-x =xforall g € Gand x € X

3. G acts on itself on the right:

g.xzng]

15
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(we need the inverse for this to remain as an action).

4. G x G acts on G with a two-sided action:

(g,h)-x = gxh™ .

5. G acts on itself by conjugation:

g-x=gxg .

This action is special because it preserves the group operations: (gxg~')(gyg™') =

gxyg~ .

6. Sn v {1,...,n} by permuting the set. This example is particularly useful to think
about because it says that any action of a group on a set can also be viewed as an
action of the symmetric group on that set.

7. GLn(k) »~ k™ by applying matrices in GLy, (k) to vectors in k™.

Here are some equivalent ways to view group actions. Given G x X — X, consider o¢g: X —
X:x = g-x, where g € Gis fixed. We may rewrite the definition of a group action as e = idx
and &g, 0 g, = 0tg,g,. These two properties implies ;1 = (ag)~", which implies that all
ag are bijective.

Given a set X, consider

Aut(X) ={¢@: X = X| ¢ is bijective},

which is a group under composition.
I Example 2.2 — If X ={1,...,n}, then Aut(X) is the symmetric group.

Then an action G ~ X is equivalent to a homomorphism
xe: G — Aut(X)
DG g
It follows that Aut(X) is the “universal group,” that acts on X; any other group that acts on X
must factor through Aut(X)’s action on X.
Given G n X, define a relation ~ on X by x7 ~ x; if there existsa g € G such that g-x; = x;.

We call the equivalence classes G-orbits, and let X/ ~be X/G (or G \ X if we want to make it
clear that G ~ X is a left action).

Example 2.3 —

1. Let H < G act on G on the right. Then G/H is the set of right cosets.

2. k™ / GLy (k) by the action described in the last example has two orbits: the orbit
of any nonzero vector, and the orbit of the zero vector.

Given G v X, fix x € X and consider the map
ex:G—=X:g—g-x.

Notice that @x(G) = G - x is the orbit of x. Moreover, ¢ '(x) = {g € G| g-x = x} are the
group elements that fix x, and this is a subgroup of G. We call it the stabilizer of x, and we
denote it Gy = Stabg(x).
More generally, it only makes sense to look at ¢! (x') forx’ € G - x.
16
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Claim2.1. ¢ '(x/) = gGx for some g € G. In other words, G - x = G/Gy.

Example 2.4 — Let S, ~ {1,...,n} by permutation. Let x = n. Then the orbit of x
is {1,...,n} (if this holds for all x, then the action is transitive). We can identify the
stabilizer of x with S;,_1 (permuting everything except n). Then the above claim says
that

Sn/Sn—1={1,...,n}.

Example 2.5 — Let n = nj +--- +ny with ny > 0. We may identify Sy, x -+ X Sy,
with a subgroup of S;; that permutes the first n; elements, then the next n, elements,
and so on. Then taking the quotient of this action

Sn/Sny X+ X Sny

makes sense. This is identified with all partitions of {1,...,n}into subsets of sizeny,ny, ...

Example 2.6 — The subgroup H < GL;,(IR) of upper triangular matrices fix the x-axis.
Any other matrix changes the x-axis to another line that passes through the origin.

2.3. Sylow’s theorems

For this section, let p be a prime. Sylow’s theorems are about the existence of p-subgroups of
a group G. Recall that a p-(sub)group is a group where all elements have order p* for k > 0.

Lemma 2.11
If |G| = p™ and G ~ X for some |X| < oo, then

‘XG‘ = X| (mod p),

where X6 = {x € X| g-x =x,Vg € G}is the set of fixed points of the action.

Proof. Let G-xq,...,G - xx be the orbits of the action. We may write

k
X = |_|G-Xi.

i=1

Notice that G - x; = {x;} is equivalent to x; being a fixed point. So we may rewrite this
disjoint union as
[4
X=XSU|]G-x
i=1

where x{ are orbit representatives such that |G - x{| > 1. Since |G - x{| = [G : G,/] > T and

17
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Pramana

|Gl =p™, |G- x{l is a positive power of p. So

¢

XI = XS+ ) 1G-x{| = XC| (mod p).

i=1

We may rewrite the equation

14
X=X+ > 1G]

i=1
as

4
XI=1X®1+ ) [G: Gyl

i=1

2.1)

Proposition 2.12
If |G| = p™ and G # {e}, then the center of G is nontrivial.

Proof (sketch). Use the class equation:

14
IGI=1Z(G)I+ ) _[G: Cg(x)l,

i=1

where x; are representatives for the conjugacy classes of G (this is derived from letting
G ~ G by conjugation and plugging things into Equation 2.1). Then reduce modulo

P.

October 07, 2024

O

Corollary 2.13

If |G| = p™, then for every k =0, ...,n, there exists H < G such that |H| = pk.

Proof. Z(G) is abelian, so the structure theorem gives us that it has a subgroup H of
order p. Consider G/H (since H C Z(G) it is normal in G). It has order p™~', so we ma
find another subgroup of order p. Suppose it is generated by xH. Then [(x, H)| = p~.

Continue this process inductively to finish the proof.

O

Theorem 2.14 (Cauchy)
If p | |G|, there exists x € G such that xP = e and x # e.

Remark 2.15. The converse to Lagrange’s theorem (every element of a finite group has order
dividing the order of a group) is not generally true, but Cauchy’s theorem gives a partial

converse.

Proof of Theorem 2.14. Consider X = {(x1,...,xp) € GP [ x7 ---xp = e}. Notice that

X] o Xp =€ = X]_1X1 S XpX] = X2 XpX] :X]_1x1 =e,

so our set is closed under cyclic permutations. So Z/p ~ X, which means IXZ/P| = |X|

18
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(mod p). Hence, XZ/P = {x|xP =e}, and |X| = |G[P~! (we choose x1,...,x,_1 and
then x,, is forced). This implies that X?/P contains more than just e. O

Corollary 2.16

A finite group is a p-group if and only if the order of any element is a power of p.

Definition 2.3

Let G be a finite group. Suppose |G| = p*m, where p { m. A Sylow p-subgroup of G is a
subgroup of order p* (equivalently, a p-subgroup such that p does not divide its index
in G).

Theorem 2.17 (First Sylow theorem)

Sylow’s p-subgroups of G exist (where p | |G|). Moreover, if H < G and H is a p group
that is not maximal, i.e. p | [G : H], then there exists H' > H such that |[H’| = p[H|.

Proof. Start with H < G such that |[H| = p (this is by Theorem 2.14).

Claim 2.2. If H < G is a p-subgroup and p | [G : H], then there exists a larger p-subgroup
H’ strictly containing H that is also a p-subgroup.

Consider H ~ G/H by left multiplication. Since p divides the order of both H and
G/H,
‘(G/H)H‘ =0 (mod p).

Let Ng(H) = {g| gHg " = H}. We have that (G/H)™ = Ng(H)/H. Sop | [Ng(H) :
H]. Ng(H)/H is a group by construction, and Theorem 2.14 gives us an element x €
Ng(H)/H with order p, which corresponds to a subgroup H’ of Ng(H) that is larger
than H. O

In this proof, we also showed that

[G:H]=[Ng(H):Hl (mod p).

Theorem 2.18 (Second Sylow theorem)

All Sylow p-subgroups of G are conjugate. In particular, they are all isomorphic to each
other. If H < G is a Sylow p-subgroup and H’ < G is any p-subgroup, then there exists
g € G such that gH’g™! C H.

Proof. LetH' ~ G/Hbyh’-gH = h'/gH. Then
‘(G/H)H/’ = |G/H| (mod p).

Since p 1[G : H],
(G/H)H +£ g,

i.e., there exists g € G such that H/gH € gH =— H/g C gH = H/ C gHg ' =

19
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2.4 Semidirect products Pramana

g "H'gCH. =

Theorem 2.19 (Third Sylow theorem)
Let S be the number of Sylow p-subgroups in G. Then

1. S11G|,
2. S=1 (mod p).

Example 2.7 (All groups of order 15 are cyclic) — Let |G| = 15. By Theorem 2.17, there
exist subgroups H3 and Hs of order 3 and 5 respectively. Suppose they are generated by
a and b respectively (since they are both cyclic). Theorem 2.19 gives that H3 and Hs are
the only Sylow subgroups in G. Theorem 2.18 gives that H3 and Hs are normal.

Recall that if H,H’ < G satisfy HNH’ = {e} and HH’ = G, then G = H x H'. So
G=2Z/3x2Z/5.

2.4. Semidirect products

Let N,H C G such that NN H = {e} and NH = G, where N is normal and H is any subgroup.
The condition NH = G gives that each coset in G/N has a representative in H. The condition
N N H = {e} gives that this representative is unique. So we may write any g € G uniquely as
nh forn € N, h € H. We define the product as

(n1hy)(Maha) = nq (hynihy hyhy,

so the product is known once we know how H acts on N by conjugation.
G acts on N by conjugation, so we have a homomorphism

@: G — Aut(N),

which we may restrict to H by

@)y H= G — Aut(N):

R [ns k']
This determines G because we may rewrite the previous product as
(n1hy)(nzhz2) = ni(@(hq)(nz))hihy.
This is the semidirect product of H and N. The former construction was the inner semidirect
product, and the latter was the outer semidirect product. We denote thisas G = H x , N.
In the language of free groups,
HxoN=HxN/ {normal subgroup generated by h;lhgl (@(h1)(m2))hy }

2.5. Structure of finite groups

Recall that a non-trivial group G is simple if its only normal subgroups are G and {e}.

20
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I Example 2.8 — If G is abelian, G is simple if and only if G = Z/p for prime p.

Theorem 2.20
Finite simple groups are classified.

¢ There are 18 infinite collections of groups, e.g.,
— Z/p where p is prime,
- Anp, Wheren > 5.

® There are 26 sporadic groups that don’t fit into these 18 collections.

We'll introduce two theorems useful for working with finite groups, the Jordan-Holder theo-
rem and the Krull-Schmidt theorem, but we will not prove them.

Definition 2.4
Let G be a finite group. A composition series of G is a chain

G=Gy>G1 >G> > Gy ={e}

such that Gi 7 is normal in G; (recall that “is a normal subgroup of” is not transitive, so
when we write G = Gy > G1 > G, I - - - > Gy = {e}, it only says that G;_ is normal
in Gi) and G;/Gji41 is simple. We call the quotients Go/G1,G1/Gy2,...,Gk_1/Gy the
simple factors of G.

Fact 2.21. For any finite group G, a composition series exists.

Theorem 2.22 (Jordan-Hélder)

Any two composition series of the same group G have isomorphic simple factors (up to
reordering).

In particular, if all G;/Gji4+1 in the composition series of G are abelian, then G is solv-
able.

Definition 2.5
October 14, 2024 A group G is indecomposable if whenever G = G X G, for some groups G, G, either

G ={e}or G; ={e}.
I Example 2.9 — The indecomposable abelian groups are Z /p™Z for prime p and n > 1.

Fact 2.23. Any finite group G can be written as the product G = G X --- x Gy for indecom-
posable groups G;.

Theorem 2.24 (Krull-Schmidt)

Any two such presentations have the same number of indecomposable groups and the
groups are unique up to permutation (and isomorphism).
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Remark 2.25. Theorem 2.22 and Theorem 2.24 hold for weaker conditions; namely that G
need not be finite, it just needs to satisfy the ascending and descending chain conditions. These
are statements about the finiteness of a series. The descending chain condition is that for
{Gi[ Gy DG,

GGy -

eventually has G; = Gj41 for all i > n (stabilizes). The ascending chain condition is the same
but for
G 4Gy d---

We'll see more about this in 742.

Example 2.10 — Z satisfies the ascending chain condition but not the descending chain
condition.
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3. Category theory

Definition 3.1
A category € consists of

1. A class of objects Ob(%).

2. For any objects A,B € Ob(¥), there is a set Mory (A, B) of morphisms from A to
B.

3. Forany A, B, C € Ob(%), there is an operation of composition

o: Mory (B, C) x Morg (A, B) — Morg(A, C)
(@, ¥) = @o1.

The composition operation must satisfy

a) For all A € Ob(%), there exists an identity morphism ida € Morg (A, A)
such that ¢ cidp = ¢ and ida ol = V¥ (@ and 1 are chosen so that these
compositions make sense).

b) Given ¢,\, 0 (Whose compositions below make sense), we have

(pop)oB=@o(Pob).

October 16, 2024 Example 3.1 — Groups form a category, where objects are groups and morphisms are
group homomorphisms with composition being defined as expected.

Moreover, abelian groups, rings, and sets form a group with morphisms being the
usual homomorphisms.

When a category’s objects are sets (possibly with extra structure) and Mor(A, B) C Morse (A, B),
i.e. morphisms happen to be set-theoretic functions, we say the category is concrete.
For every X € ¢ (this means X € Ob(%)), idx € Mor (X, X) is unique.

Definition 3.2

@ € Mor¢(X,Y) is an isomorphism if there exists p € Mory (Y, X) such that{ o ¢ =idx
and ¢ o = idy.

3.1. Universal properties

October 18, 2024 Example 3.2 — Let A,B € . Given C € ¥ and two morphismsp;: C = Aandp,: C —
B, we say that C (along with the morphisms p; and p;) is the (direct) product of A
and B if the following universal property holds: given any C' € 4 and any p;: C' — A
and p}: C' — B, there exists a unique morphism ¢: C’ — C such that pj = pjo ¢,

P2 =P2°0.
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In a picture:

dle >y

lpz

B

The black part is a direct product if for any given orange part, there is a unique blue part
making the diagram commute.

Definition 3.3

Let C be a category and {A};c1 be a family of objects. Their product is an object C € C
equipped with maps pi: C — A; (for all i € I) such that for any C’ € C and any maps
pi: C" — Ay, there exists a unique ¢: C’ — C such that p/ = p; o ¢ forall i.

Theorem 3.1
In any category ¢ if a product exists, it is unique up to unique isomorphism.

Because of this, we write C = [ [;1 Aj.
We can take the “dual” of the product by reversing the arrows in the category.

Example 3.3 — Let A,B € €. Given C € ¥ and two morphisms i;: A — Cand iy: B —

C, we say that C (along with the morphisms i; and 1i,) is the (direct) coproduct A and

B if the following universal property holds: given any C’ € 4 and any ij: A — C’ and

i5: B — C/, there exists a unique morphism ¢: C — C’ such thatij = ¢ oiy, i), = @oi,.
In a picture:

\\\E!q)
Cl A
iZT
B

Definition 3.4

Let C be a category and {A}; 1 be a family of objects. Their coproduct is an object C € C
equipped with maps ij: Aj — C (for all j € I) such that for any C’ € C and any maps
if: Aj — C/, there exists a unique ¢: C — C’ such that i; = ¢ o ; forall i.

Theorem 3.2
In any category ¢ if a coproduct exists, it is unique up to unique isomorphism.

Because of this, we write C = [ [; .1 Ai.
24
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Example 3.4 — In Set, the product of sets A, B is the usual cartesian product A x B. The
coproduct is the disjoint union A LI B.

In Grp, the coproduct is the free product.

In AbGrp, the product and the coproduct are A x B.

Definition 3.5

October 21, 2024 Given a category ¢, we define the opposite category, denoted “°F as € with arrows
reversed. In other words, Ob(¢°P) = Ob(%’), Morgop (A, B) = Mory (B, A). We compose
morphisms as follows: given ¢ € Morgop (A, B) and P € Moryop (B, C), we define ¥ o
@ € Morg(C,A) = Morgop (A, C)

So we can say that if some object is a product in the opposite category, then it is the coprod-
uct in the original category, since the arrows in the diagram would be reversed.

3.2. Functors

Definition 3.6

Given categories ¢ and 2, a functor F: € — P is
1. Amap F: Ob(¢) — Ob(Z2): A — F(A),

2. Forall A,B € € and ¢ € Mory (A, B), we have corresponding morphism F(¢) €
Morg(F(A), F(B)). In other words we have a map Morg (A, B) — Morg(F(A), F(B)).
F needs to satisfy

a) F(ida) =idga),
b) F(e o) = F(¢) o F().

Example 3.5 —
* We have the identity functoridg: ¢ — €.

* Another functor is id: AbGrp — Grp, since abelian groups and their homomor-
phisms are, in particular, groups and group homomorphisms respectively. This
example is saying that AbGrp is a subcategory of Grp.

* Consider a functor Tors: AbGrp — AbGrp given by sending A to its torsion sub-
group, A" = {x € A |x™ = 1 for some n < oo}. The functor sends a morphism
from A — B to its restriction A" — BT (it’s easy to check this is a well-defined

map).

* In general, the torsion elements of a general group do not form a group. But we
still have a functor Tors: Grp — Set.

Example 3.6 (Free and forgetful functors) —
e The free functor F: Set — Grp that sends a set X to the free group on X, F(X).

e The forgetful functor G: Grp — Set that sends a group H to its underlying set, and
homomorphisms to set-theoretic maps.
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October 23,2024 A more interesting thing we would want to define as a functor is how, say, group homo-

morphisms
G] — Gg, Gz — Gé

induce a homomorphism Gy x G, — G} x Gj. But functors don’t take in two inputs. We can
resolve this easily.

Definition 3.7
Given categories ¢, &, define the product category, @ x 7 where
1. Ob(% x 2) = Ob(%) x Ob(2).
2. For (C1,D7),(Cy,D3) € € X 2, let
Morg «#((C1,D1),(C2,D32)) =Morg(Cq,C2) x Morg(D1,Dy).

3. Composition is given by composition in each category (i.e., (@1,1%1) o (92,P3) =
(@10 @2,P7 02)).

Example 3.7 — Now our product operation defined before is the same as a functor

F: Grp x Grp — Grp.

Example 3.8 (Quotients by subgroups) — For any group G and any subgroup H < G, we
have a quotient G/H, which is a set. Let’s represent this operation as a functor.

The starting category will be SubGrp, whose objects are pairs (G O H), where G is a
group and H is a subgroup of G. The morphisms (G; 2 Hy) — (G, D Hjy) are given by

Morsubcrp((G1 2 H1), (G2 2 H2)) ={@: G1 — G2 | (H7) C Hy}.

We then have a functor
Q: SubGrp — Set

that sends (G D H) to G/H (and morphisms are the induced ones).

October 25, 2024 Example 3.9 — Consider a direct sum functor F: AbGrp x AbGrp — AbGrp that sends
(A, B) to A @ B (with the obvious morphisms), and another direct sum functor G: AbGrp X
AbGrp — AbGrp that sends (A, B) to B @ A. Then F is naturally isomorphic to G.
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4. Representation theory

Definition 4.1

November 20, Given a group G and a vector space V over a field k, a representation of G on Vis a linear
2024 actionof Gon 'V, ie, GxV — V:(g,v) — g-visa group action, and g (vi +v;) =
g-vi+tg-vz,g-(cv)=c(g-v).
If V is finite-dimensional, we can choose a basis B = {v1,...,vn}of V. Foreach g € G,
we have amap p(g): V — V:v = g-v, which corresponds to a matrix Rg == Mg(p(g)).

Because G ~ Vis an action, Ry is invertible for all g € G, and Rg;Rg, = Rg,4,, Re = L. So

we have a homomorphism
p: G — GLn(k),

which we call a matrix representation of G.

Example 4.1 — D, is the symmetries of a regular n-gon, so we can think of its represen-
tation Dy, — GL;(R). The matrix representation of the generators of D, are

27 s 27

cos = —sin<- s —1

sinZ®  cosZZ® |’ 1"
n n

November 22, Example 4.2 — If G ~ X, we can form a representation of G by letting V = (X) be
2024 I the free vector space on X.! Since g € G permutes the elements of X, we can create a
corresponding automorphism of V by permuting the basis elements in the same way.
This corresponds to a linear transformation. If X is finite, the matrix representation is
written as a permutation matrix.
Let’s consider S;, ~ {1,...,n}. Then

p(O')(Cl],...,Cln) = (Clo.—](”,...,ao.—](n)).
~—~

€GLy

! This means the vector space where we make X a basis.

Here’s an equivalent formulation. Let X be a set with a group action G ~ X, and V =
{f: X = k}, a k-vector space. Then a representation is a group homomorphism p: G — GL(V)
such that

(p(g)f)(x) =f(g™" ).

The inverse is here to make sure p(g1)p(g2) = p(g192).

Remark 4.1. A representation of G on V is also a homomorphism p: G — Autyec, (V). More
functorially, if we create the category BG with one object * and Hompg(*,*) = G (with
composition given by group multiplication), a representation is a functor F: BG — Vecty. The
example given above was a contravariant functor Sets — Vecty : X — {f: X — k}, where

[: X =Y = [e*: {g: Y ok} = {p"g=goe: X = k}].

If X is infinite, then (X) can be strictly “smaller than” X* == {f: X — k}, because (X) corre-
sponds to @, cx k and X* corresponds to [ [, cx k-
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4.1. Structure of representations

Let V be a representation of G. If G has a G-invariant subspace W C V, ie. GW C W,
then we induce a sub-representation of G on the subspace W. Further, we induce a quotient
representation of G on the space V/W givenby g- (v+W) =g-v+W.

If V1 and V; are G-representations, then V7 @ V; (the outer direct sum) is a G represen-
tation by letting G act on each entry: g- (vi,v2) = (g-v1,9-v2). If W, W, C V are sub-
representations and Wy & W, =V (the inner direct sum), then we can also define a represen-
tation on W1 & W,.

Example 4.3 — Let G = S, have a representation on R? by permuting basis vectors.
Then ((1,1)) and ((1,—1)) are both G-invariant. Let these become sub-representations
asViand V5. Then RZ2 = V; ¢V, isa decomposition of R? into G-invariant subspaces.

We also claim these are the only (non-trivial) G-invariant subspaces. Suppose the per-
mutation (1 2) € S, satisfies

(1 2)-(a,b)=(ba)eW

forall (a,b) € W.If (a,b) and (b, a) are linearly independent, then W = R2. Otherwise,
(a,b) = £(b, a), which means W D ((1,1)) or W D ((1,—1)), which implies the result.

Definition 4.2

A representation V # 0 of G is irreducible (simple) if the only invariant subspaces are 0
and V. A representation V is completely reducible (semisimple) if V = @, V for irre-
ducible V (we can also think of this as an inner direct sum by letting V be irreducible
sub-representations).

Example 4.4 — Irreducible representations of G = {e} are one-dimensional vector spaces.

Z/2 ~ R by multiplying by —1, so we have an action of Z/2 on RR (the set of
functions f: R — R) by [1] - f(x) = f(—x). A small irreducible subspace can be formed
by taking the function f € RR and considering the subspace (f(x),f(—x)), which is
an irreducible sub-representation. In particular, if f is even or odd, then this is a one-
dimensional space. We now prove that RR is completely reducible. Recall that every
function can be uniquely decomposed as the sum of an even and odd function. In other

words,
]R]R _ (]R]R)even o (]R]R)odd'

We further decompose these subspaces using the facts above to show that RR is com-
pletely reducible.

Example 4.5 — If char(k) # 2 and p: S; — V is a representation where V is a vector
space over R, then we have a decomposition

V=Vvtov,

where
VvVt ={v:p(o)v=1v}, V™ ={v:p(o)v=—v}.
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4.2. Morphisms of representations

We want to define morphisms in the category of represenations.

Definition 4.3

Suppose V, W are two representations of G. A morphism of representations (homomor-
phism) is a k-linear map ¢: V — W which is also a map of G-sets:

e(g-vI=g-0(v), WeV,geag

(the second condition is called G-equivariance). This defines a category of G representa-
tions over k.

Remark 4.2. Given two representations V, W, we can just consider them as vector spaces and
look at the vector space of linear maps Mory (V, W). Consider the action G ~ Homy (V, W)
given by

1

e(v)=g-o(g " V).

Then ¢ € Homg.rep(V, W) & @9 = ¢ forallg € G.

4.3. Decomposing representations: Maschke’s theorem

Theorem 4.3 (Maschke's theorem)

Any representation V of a finite group G is completely reducible provided that chark {
IGI.

We'll reduce the theorem to the problem of finding complementary subspaces.

Lemma 4.4

A representation V is completely reducible <= every sub-representation W C V has a
complementary subspace (i.e. W+ C V with V=W @ W)

Proof. ( &= )If Vis reducible, there exists a sub-representation W C V with W £ 0, V.
So there exists U C V such that V = U@ W. To iterate, we need to show that the
assumption holds for W. If W/ C W is a sub-representation, there is a U’ such that
V=U oW . ThenW = (U NW)p W'

This works if dim V < oo, but extends to the infinite case with Zorn’s lemma.

(= ) Suppose V = @; Vi 2 W, where V; are irreducible. W = V is trivial. W C V
implies Vi Z W for some i. For each such i, Vi "W C V;, so Vi "W = 0, hence
Vi ® W C V. We iterate, i.e., find V; Z Vi & W and continue. O

There’s a natural way to find a complementary subspace of, say W C R™: use an inner
product (-, -) on R™ and consider the orthogonal complement

W ={u: (u,w) =0,Yw € W}

We'll need to adapt this to work with the G action.

If V is a finite-dimensional, real/complex vector space, then it has an inner product (-, ).
We then define a new inner product that is G-invariant (i.e., (g - v, g - w) = (v, w)) by using an
“averaging” technique:

1
W) =g D (g-vg-w).
geG
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Then we can decompose as in the case of the normal inner product.

The caveat with this proof is that it only works for finite-dimensional representations over
R or C. We can still extend this idea of creating a G-invariant complementary subspace out of
some complementary subspace though.

Proof of Theorem 4.3 (sketch). Let W C V and consider any complementary sub-
space U, which may not be G-invariant. We have a natural isomorphism

usvav/w,

so U corresponds to a (linear) section s: V/W — V (i.e. s = idy,\/), and conversely,
any section corresponds to a complementary space.
Now take any section s: V/W — V. Consider

~ 1 1
)= 1g 2 P =g X 9-sleT %),
geG

geG

(c.f. Remark 4.2). We first claim this is a section. Indeed,
1 1 1 1
G 2 9sle ) :@Zﬂ(9~5(9 X))
9¢€G geG

:\]fl > g-ms(g ' x)

geqG
1
:@ Ze'x
geG

=X.

We now let U := 3(V/W) be the corresponding complementary subspace. This subspace
is g invariant, since multiplication by g € G is a bijeciton of G to itself.
We then finish by applying Lemma 4.4. O

Example 4.6 — Before, we showed that we can decompose a representation V of G = S,
into two irreducible subspaces over R.
On the other hand, if k = IF,, then if we let

then there is only one irreducible subspace, ((1,0)).

Schur’s lemma tells us that the homomorphisms of G-representations are easy to describe
over algebraically closed fields.
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Theorem 4.5 (Schur's lemma)

Let V, W be irreducible, finite-dimensional representations of G over an algebraically
closed field k. Then

1. if V2 W, then Homg_rep(V, W) =0,
2. if V=W, then Homg_rep(V, W) = Endgrep(V) = k.

Proof. Use the definition of irreducible to get that any morphism ¢: V — W is either
the zero map, or an isomorphism.

Now we show that, in the case of an isomorphism, it is a scalar. Since dim V < co and
k is algebraically closed, we have a root of the minimal polynomial, A (eigenvalue). By
the first paragraph, either ¢ — Al = 0 or ¢ — Al is an isomorphism, but the latter cannot
happen, since an eigenvector corresponding to A is in the kernel of this map. O

Given an irreducible representation V and any finite dimensional representation W, we can

use Maschke’s theorem (4.3) to decompose W = @i ; W; into irreducible representations,
and then

n
HomG-rep(Vl W) = @ HomG-rep(Vr Wi)-

i=1

Corollary 4.6

Let V = @; V{"', W = @; V{*!, where V; are irreducible, non-isomorphic representa-
tions. Then
dim Homg_rep(V, W) = Z min;.
i

Corollary 4.7

Let V be an irreducible representation of a group G over an algebraically closed field k.
Let g € Z(G), so p(g): V — V is a homomorphism. Then p(g) € k (i.e. it represents
scalar multiplication).

If G is abelian, then G acts by scalars (p: G — K*), sodimV = 1.

Non-Example 4.1 — Let G = SO(2) (which is abelian, because it’s isomorphic to R / (27tZ))
and let it act on R? in the natural way.

4.4. Some character theory

The overall goal is to find dim¢c Homg _ep(V, W) for V and W G-representations over C. A
smaller goal s to find dim VS, where VE =(veV:G-v=vh.

Exercise 4.1.

(a) Let V be a linear space and P: V — V be a linear operator such that P> = P. Show that
V = ker P @ im P. Operators having this property are called projectors.

(b) Suppose further that dim V = n. Prove that there exists a basis of V such that the matrix
P is a diagonal matrix with some number of 1’s on the diagonal and 0’s elsewhere.
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Consider the operator
Av: V=Y,

1
TV al Z p(g)v.
geG
We have that Ay(V) C V6, and Avlye =1idyc. This makes Ay a projector, so V =im(Ay) ®
ker(Ay) = VC @ ker(Ay). Recall that we can choose a basis so that the matrix of Ay is
diag(1,...,1,0,...,0), where the basis vectors that get mapped to themselves span im(Ay/).
Notice that this gives a “fast” way of computing dimim(Ay) = dim VG by taking Tr(Ay/).
So
1
dimVC =TrAy = — ) Tr :
V=g QEZG (p(g))

Example 4.7 — Let S3 ~ C3 by the permutation matrices. We compute the trace of each
representation for o € $3 and we have

i WE — |S]73| 3 Tr(p(o)) = 314141

6
oeS3

Definition 4.4
If (V, p) is a finite-dimensional representation of a group G over k, its character is a map
xv: G —k:g— Tr(pv(g)).

Proposition 4.8 (Properties of characters)

1. xv(hgh™") = xv(g) for g,h € G. So Xy is constant on conjugacy classes (the
fancy name for a function with this property is a class function).

2. If Vq,..., Vi representations of G over k, X,n @y = XV Xy,
1 k

3. If W C Vis a subrepresentation, xv = xw +Xv,w-

Proposition 4.9 (Properties of characters of C-representations of finite groups)

1. If G is finite and V is an n-dimensional representation of G over C, p(g) has n
eigenvalues (in fact, p(g) is diagonalizable), and xv(g) is the sum of those eigen-
values.!

2. The eigenvalues are roots of unity, and [xyv(g)| < n.

3. xv(g™") =xv(g).

IFurther Xy (g*) is the sum of the kth powers of eigenvalues, which we could use to recover the actual
eigenvalues.
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Example 4.8 — In S,, the conjugacy classes are determined by cycle type. Further, g~
is conjugate to g in Sy, for all g € Sy,. So all characters of Sy, are real.

Let’s return to the original question: computing the dimension of Homg.rep(V, W). We

have an action G ~ Homg_p(V,W) by g- @ = ov(g)epw(g)~'. We also showed that
Homg_rep(V, W) = Home (V, W) G. Therefore, the dimension is equal to XHome (v,w)-

Lemma 4.10
Fix n, m and consider A € Maty xn(k), B € Maty xm (k). Consider the map

(OX Matnxm(k) — Matnxm(k)
M — AMB.

Then Tr(® Zl) AiiBj; = Tr(A) Tr(B).

Proof.

[My]

ZAikMszz)‘] .

k£

Looking at where it sends the matrix Ey;, which is 1 in the ijth entry and zero is every-
where else, we have @ (Eij)ij = AiiBjj. This gives us the formula. O

Hence,

Xtome (v,w) (9) = Tr(pv(9)) Trlpw (g™ ")) = xv(ghxw(g ™) = xv(g)xw(g).

Theorem 4.11 (Orthogonality relation)

(xv,xw) = dimHomg_r¢p(V, W) \GI Z xv(g

geG
If Vand W are irreducible,
0 ifVA£W,
Oevixw) = {1 V=W,

Example 4.9 — Let G = S3. We’ve computed characters already for two representations:

Representation\Character of Cycle Type | x(e) | x(12) | x(123)
C (trivial) 1 1 1
V = C3 (permuting basis) 3 1 0
We compute that
. 1-3+3-1-1+2-1-0
<Xv, ld(:> = =1,

6
So there exists a representation W such that xyv = xv — 1 (this gives us xw/(e) =3 —1 =
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2, xw(12) =0, xw(123) = —1 by additivity of characters). We compute

2:240+—1-—1-2
xw,Xw) = ¢ =1

Theorem 4.12
Xv span the space of class functions (i.e. the number of irreducible representations is the

number of conjugacy classes).
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5. Commutative algebra

January 22,2025 This is the beginning of 2nd semester (MATH 742).
For this section, assume all rings are associative (i.e. multiplication is associative) and unital
(1 € R). Rings are (usually) commutative. We’ll now try to build a category of such rings. The
objects will be rings as above. A homomorphism between rings R, S preserves addition and
multiplication, and also sends 1g to Ts. Denote the category of rings as Ring.

I Example 5.1 (Zero ring) — Wehave 1 =0in R &= R = {0} is the zero ring.

Example 5.2 — The only homomorphism ¢: Z — Z is the identity. Further, there is only
one homomorphism ¢: Z — R, where R is any ring.

In other words, Z is the initial object (for every R € Ring, there exists a unique homo-
morphism ¢: Z — R) in Ring.

Further, 0 is the final object (for every R € Ring, there exists a unique homomorphism
@: R — 0) in Ring.

5.1. ldeals

Definition 5.1

A ideal I is a(n additive) subgroup of R such that R-I = I. A subring S is a(n additive)
subgroup of Rsuch thatS-S C Sand 1 € S.

We have operations on ideals:
I+],INJI-].
Thelastoneissubtle: I-] = {3 4 .. xiyi : xi € Ly; € J}. Given an infinite collection of ideals
{In}, Na In and ), I, are both ideals, where the latter is defined by finite sums of elements of

{Ix )

Theorem 5.1
Let ¢: R — S be a homomorphism. Then

1. ker @ is an ideal.

2. There is an isomorphism R/ ker ¢ — @(R) induced by ¢.

Remark 5.2 (Universal mapping property of the quotient). R/I is the unique object in Ring
such that ¢: R — S uniquely factors through R/I when ¢|; = 0.

Example 5.3 — Following the ideas of the above remark, since Z is initial, the unique
map Z — R factors through Z. /3 only when the ideal 3Z gets sent to 0. In other words,
this map factoring is equivalent to 0 = 3 in R.

Example 5.4 — Further, if ¢: R[x,y] — S is a ring homomorphism, it is entirely deter-
mined by ¢l: R — Sand ¢(x), ¢(y). We can imagine polynomial rings as the “free ob-
jects” of Ring, and the universal mapping property of the quotient is the same as adding
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I “relations”.

5.2. Algebras
Definition 5.2

Let R be a ring. An R-algebra is a ring S together with a ring homomorphism i: R — S.

Example 5.5 —
1. Any ring S that contains R as a subring.

2. R = R, S = {R-valued functions on a “space” X}, and i: R — S sends a to the
constant function that is always a.

3. S=R[xq,...,xn], where i: R — S is the obvious identity map.

4. Any ring is a Z-algebra because Z is initial.

Here’s the motivation for homomorphisms of algebras: suppose we wanted to classify all
ring homomorphisms ¢: R[x] — C. The “obvious” candidates are evaluation maps over
some z € C. However, we only know where 1 gets sent to, but perhaps irrational numbers (7,

e, v/2) could get mapped somewhere unexpected, so the space of such ¢ is much larger than
it seems. However, once @l is determined, all we need is ¢(x) to get the whole homomor-
phism. To recover this issue with @[, we define an algebra homomorphism.

Definition 5.3

Given two algebras S1, S, over R is an algebra homomorphism ¢: S; — S; is a homo-
morphism such that the diagram

Sy

V

R 0]

Sz

commutes.

Consider the two R-algebras R[x] and C with structure maps i;: R — R[x] and i;: R — C,
respectively as the obvious inclusion maps. Then the algebra homomorphisms ¢: R[x] — C
are precisely the evaluation maps. This generalizes.

Proposition 5.3
Let S be an R-algebra. Then

Hompg_oig(R[X],S) = {eva: a € S},

where ev is the evaluation map.
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Corollary 5.4
Letpy,...,px € Rix]. Then

Homg_aig (RIXI/(p1(X), ..., Pk(x)),S) ={eva : @ € Z(p1,...,Pr)}-

Remark 5.5. What this says: R[x]/(p1(x),...,px(x)) has all the “data” of solutions to p; () =
- = pila) = 0. If we want to check solutions over some R-algebra S, then we look at the

above Hom set.

5.3. Chinese remainder theorem and idempotents

Definition 5.4
January 27, 2025 Two ideals 17,1, C R are comaximal if I; +1, = R.

Theorem 5.6 (Chinese remainder theorem)
If Iy and I, are comaximal, the natural map R — R/I; x R/I; is surjective, hence R/I1 N
Ib =R/I; xR/I5. Also, I1 - Ibh =11 NI

Theorem 5.7
There is a 1-1 correspondence between

1. Isomorphisms R — Ry X Ry,

2. pairs of ideals I1,I; C R that are comaximal and I; NI, =0.

Proof. ((2) = (1)) SetR; = R/Ij forj = 1,2 and use CRT.
(1) = (2))SetI; ={0} x Ry and I, = Ry x {0}

Definition 5.5

e € Ris an idempotent if e? = e.

The key example is that whenever R = Ry x Ry, then (1,0), (0, 1) are idempotents. Hence, the
identity (1, 1) is a sum of idemptoents.

Proposition 5.8
There is also a 1-1 correspondence from objects in Theorem 5.7 and

3. idempotents e € R.

Proof. ((1) = (3)) was the above example, where (1,1) = (1,0) + (0, 1).

((3) = (1)) Given an idempotent e, set I} = (1 —e), I = (e). Wehavee+ (1 —e) =
1 €1 +1,s0l; +1; = R To prove Iy NI = 0, recall that Iy - I; by CRT. Then
a;(1—e)-aze=ajaz(e—e?) =0. O
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5.4. Prime and maximal ideals

Definition 5.6
m C Ris maximal if I D m implies = R. p C Ris prime if ab € pimpliesa € porb € p.

Proposition 5.9
m C R (resp. p C R)is maximal (resp. prime) <= R/mis a field (resp. R/p is a(n
integral) domain).

Proposition 5.10
1. Any maximal ideal is prime.

2. Any ring R # 0 has maximal ideals.

3. Given an ideal I, there is a 1-1 correspondence between ideals of R/I and ideals
of R containing I. In particular, any proper ideal I C R is contained in a maximal
ideal.

5.5. Extensions and contractions of ideals

Let ¢: R — R’ be a homomorphism. If I’ C R’ is an ideal, ' (I’) C Ris an ideal. We write
(1")¢ as the contraction of I'.

If I C R, @(I) C R’ is not necessarily an ideal. Instead, we consider (¢ (1)) =R’ - (1) = 1°,
which we call the extension of L.

Proposition 5.11

A contraction of a prime ideal is prime, but a contraction of a maximal ideal is not nec-
essarily maximal.

Proof. Notice that we have an injective ring homomorphism R/(1’)¢ < R’/I’ induced
by ¢. This identifies R/(I’)¢ with a subring of a domain. The subring of a domain is a
domain, so (I')€ is prime. On the other hand, a subring of a field need not be a field. O

Remark 5.12. If ¢: R — R’ is surjective, then R’/I’ = R/(1’)¢, so contractions of maximal
ideals are actually maximal.

5.6. Types of domains

Let R be a domain, i.e., R has no zero divisorsand 1 # 0. Thena |b < b € (a) &
(b) C (a). We say a nonzero, non-unit element x € Ris irreducible if x = ab implies a € R*
orb € R*.

Definition 5.7

A domain Ris a unique factorization domain (UFD) if every nonzero, non-unit element
is a product of irreducibles uniquely (up to permutation).
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Definition 5.8
A ring R is a principal ideal domain (PID) if every ideal is principal, i.e., generated by
one element.

Proposition 5.13
Field =— PID — UFD.

Proposition 5.14
If F is a field, then F[x] is a PID.

The idea to prove this is to create a long division algorithm for polynomials.

Proposition 5.15
If R is a UFD, then R[x] is a UFD.

Proof (sketch). Let F = Frac(R) (R’s field of fractions). The idea is to compare factor-
ization in R[x] and F[x].

For example, if R = Z, then F = Q. Consider %xz —3x+ %, which is irreducible in
Q[x]. We can “clear denominators” to get 5x2 —45x + 3 being irreducible in Z[x].

So we consider the set

RIx] ={anx™ +---+ap € R[x] : ged(ap,...,an) =1}.

Hence,

RII\ {0} = (R\{0}) - RIx].

In fact,

FIxI \ {0} = (F\{0}) - RIx].

Lemma 5.16 (Gauss' lemma)

RIx] - RIx] € RIX.

As a consequence, if aP(x) € F[x], where a € F\ {0} and P € R[x], then aP(x) is
irreducible in F[x] if and only if P(x) is irreducible in R[x]. O

Corollary 5.17
If Fis a field F[xq,...,xn] is a UFD.

5.7. Radical ideals
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Definition 5.9
January 31, 2025 For I C R an ideal, the radical of I is the set

\[Iz{x:xkel,kelN}.

I Example 5.6 — If I = (300) = (22 -3-52) C Z, then VI = (2-3-5) = (30).

Proposition 5.18 (Properties of the radical)
LetI C R be an ideal.

@ VIDL
(b) VTis an ideal.

© VVi=V1L

Proof. (a) is clear.
(b)if a € vVIand b € R, then (ab)® :\aibk € L. If a,b € I such that a™,b™ € I,

€l
then (a+b)"*t™m-1 e L.

(c)ifa € v V1, then a* € V1, so ak™ € [, which means a € /1. O

I Example 5.7 — The radical ideals in Z are (a), where a is square-free or zero.

Definition 5.10
Lis a radical ideal if v/I = L.

/Tis the smallest radical ideal containing I.
Notice that prime ideals are radical.

Theorem 5.19 (Scheinnullstellensatz)
Let I C Rbe an ideal. Then

Vi= () »

p21
p prime

Proof. (C) Since v/Tis the smallest radical ideal containing I and each p is a prime (hence
radical) ideal containing I, we are done.

(D) Letx ¢ V1, s0 {x*:k >0} NI= 2. We'll construct a prime ideal ] such that ] D I
and x € J.

Let ] be an ideal such that (1) ] 2 I, (2) {x* : k > 0} N] = &, (3) ] is maximal amongst
ideals satisfying (1) and (2).

We'll use Zorn’s lemma. Consider the poset (P, <) of all ideals satisfying (1) and (2),
ordered by inclusion. The poset is non-empty because I € P. Now consider a chain of
ideals {I}. The upper bound |J, I« satisfies (1) and (2).
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We prove | is prime. Let a,b ¢ J. We have ] + (a) D ], which means ] + (a) fails
(1) or (2), but it clearly fails (2). Hence, there exists n > 0 such that x™ € ]+ (a).
Similarly, there exists m > 0 such that x™ € ]+ (b). Then x™*™ € ]+ (ab), which
means ab & J. O

Definition 5.11

Let R be aring. Then nil(R) = /(0) = {x : x* =0,k > 0} = {x : xis nilpotent} is called
the nilradical of R.

Corollary 5.20
Let R be a ring. Then

nil(R ﬂ p.

p prime

Example 5.8 —
1. If Ris a domain, then nil(R) = 0 (because (0) is prime in a domain).
2. nil(Z/300) = 1/(300)/(300) 0)/(300).

3. The last example hints at the fact that if I C R is an ideal, then V1 corresponds to
theideal nil(R/1) = v/I/1 C R/I (using the correspondence between ideals (5.10)).

4. Consider ( y3) C Clxyl. V/(x2y3) = (xy). Then the radical corresponds to
nil (Clx, yl/ (x 2y3)) (xy)/ (x%y3).

February 3, 2025 The prime ideals that contain (x2y3) are (x), (y), and the maximal ideals of the form (x,y +
b), (x+ a,y) for a,b € C (the fact that these are the only maximal ideals is a deeper fact).
Hence,

(X?y3) =(xy) =Ny N ) xy+bN (] x+ay).
beC aeC

The last two intersections are unnecessary, since each ideal is contained in either (x) or (y).
Definition 5.12
p D lis called a minimal prime of I if

1. pis prime,

2. there are no prime q such thatp D q D L

By Zorn’s lemma, given any prime p D I, there exists a minimal prime p such thatp D p D L
Therefore, we can more efficiently write the radical of an ideal:
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Theorem 5.21
Let I C R be an ideal. Then

V= N p.

p min’l prime of I

In particular,

nil(R) = N p.

p min’l prime of R

5.8. Jacobson’s radical
Definition 5.13

Given a ring R, define its Jacobson radical as

jac(R) :==rad(R) = ﬂ m.

m maximal

Then nil(R) C rad(R).

Proposition 5.22
Fix a unit u € R* (usually w = 1). Then a € rad(R) <= u+xa € R* forall x € R.

Proof. Suppose a ¢ rad(R). Then there exists a maximal m not containing a. So a + mis
nonzero (hence a unit) in R/m. So there exists x such that x(a+m)+u=0+m € R/m.
Sou+ax €m = u+ax ¢ R,

Conversely, suppose u+ ax ¢ R*. Then (u + ax) is a proper ideal, so it is contained
in some maximal ideal m. Wehaveu ¢ m — ax ¢ m — a ¢ m,so a ¢ rad(R). O

Example 5.9 —

rad(Clx,yl/ (x*y?)) = (ﬂ (xy+b)n (x+a,y)> /(x*y3).

beC aeC

It turns out this coincides with nil(C[x,y]/ (x?y3)).

5.8.1. Special case: local rings

Definition 5.14

We say a ring R # 0 is local if there is only one maximal ideal, m.

Proposition 5.23
Rislocal withm C R & any x ¢ misaunit & R\ R* isanideal (and m = R\ R¥).
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Example 5.10 —
1. If Ris a field, R is local because (0) is the only proper ideal.
2. Let k be a field, then define the as

Kith=1¢> ait'laieky.
i>0
We have the famous identity
+t+t2+--)1—-t) =1,

so (1 —1t) € k[[t]]*. This extends to show any 1 —tp(t) is a unit, which further
extends to show that apg + ajt+ - - - is a unit if ag # 0. Hence,

so k[[t]] is local with maximal ideal (t).

5.9. Modules

February 5, 2025 Let R be a ring. An M is an abelian group plus a multiplication operation
-: R Xx M — M that is (1) distributive (both kinds), (2) associative, (3) unitary 1- m = m.

Example 5.11 —
1. If k is a field, k-modules are k-vector spaces.

2. Z-modules are abelian groups (multiplication doesn’t add any structure).

Example 5.12 — Let k be a field, V a vector space over k, and G a group. A representation
p: G — GL(V) is a k-linear G-action.
Define the R = (the of G) as linear combinations of group elements:

k[G] = { Z CyY : ¢y € k, finitely many c,, are nonzero} .
YEG

Define the product as
!/ /

YyY'= x .
~
product in G

and extend to a bilinear map -: k[G] x k[G] — k[G] over k. The identity is e. In fact,
k — k[G]: ¢ — ce makes this a k-algebra.

Now, any representation of G /k is automatically a k[G]-module and any k[G]-module
is a representation of G/k.

Note that k[G] is commutative < G is abelian.
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Definition 5.16

Let M be an R-module. A submodule N C M is a subgroup that is closed under multi-
plication, i.e., R- N C N.
Given a submodule N € M, M/N is naturally an R-module.

Definition 5.17

Let M be an R-module. If m € M, the annihilator of m is Ann(m) = {x € R:xm = 0}.
The annihilator of M is Ann(M) :={x € R:xm = 0 for all m € M}.

Let’s start defining the category.

Definition 5.18

A module homomorphism is an R-linear homomorphism of abelian groups.

Given @: M — N, ker(¢) € M, im(¢) C N are submodules. The fundamental theorems
(as with other algebraic structures) apply.*

Given R-modules {M«}, we have a product and direct sum. [ [, M« 2 @y M (recall in a
direct sum, all but finitely many entries are zero, whereas the product has no such restriction).
Categorically, the product is a categorical product:

Suppose M, N are R-modules. If ¢,1{: M — N are R-module homomorphisms, then so is
1@+ sy forr, s € R(this only happens because R is commutative!). As a result, Homg_0q4(M, N) =
Hompg (M, M) is an R-module.

In particular, we have that the endomorphisms of a module M, Endy_,,q (M) = Endg (M) =
Hompg (M, M) form an R-module, but also carries a composition operation (o). So (Endg (M), +, o)
is a ring with 1 = idpm. In addition, for r € R, r-idp1 € Endr(M). We consider the map r —
1-idp. Then the R-module structure on End(M) can be viewed as setting r- ¢ = (r-idpm ) o .

Remark 5.24. Here’s an equivalent definition of a module. Let M be an abelian group. Then
Endz(M) is a ring. Under some ring map R — Endz(M), we get an R-module structure.

February 7,2025  To restate the result in the above remark, given an abelian group M, we have the correspon-

dence
{ R-module structues} R {ring homomorphisms}

on M R — Endz (M)

4One possible explanation is that the category of R-modules, R-Mod forms an abelian category.
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Example 5.13 — We use this correspondence to describe R-modules for various rings.
The main object of note will be Homging (R, S) for an arbitrary ring S, which we will later
specialize to S = Endz(M).

¢ If R = Z, Homgjng (R, S) always has a unique morphism for all rings S. With the
correspondence, this means all abelian groups M are Z-modules.

* If R = Z/n, Homging(R, S) has a unique morphism if n = 0 in S for some n € Z,
and none exist if n # 0 for all n. The corresponding R-modules are abelian groups
Mwithn-M =0.

e If R = Q, a unique morphism in Homgijng(R,S) exists when n -1 € S$* when
n € Z\ {0}. The corresponding R-modules are those such that the map x — n - x
is bijective for all n # 0 (in other words, the group is divisible and torsion-free).

¢ If R = Z[x], any morphism in Homgjng (R, S) is uniquely determined by the image
of x. The corresponding R-modules are abelian groups M together with a map
A: M — M which represents “multiplication by x.”

e If R = Z[x,yl, any morphism in Homgjng(R,S) is uniquely determined by the
image of x and y, say, «, 3, but we also impose that « and 3 commute (recall,
Endr(M) is not necessarily commutative!). The corresponding R-modules are
abelian groups M together with commuting maps A,B: M — M representing
“multiplication by x and y.”

e If R = R[x], any morphism ¢ € Homging(R,S) is uniquely determined by the
image of R and the image of x. However, we also need to impose that ¢(x) com-
mutes with all of @(R) C S. The corresponding R-modules are abelian groups M
that are IR-modules (IR-vector spaces) with a map A: M — M that commutes with
“scaling” by R (i.e., A is R-linear).

Exercise 5.1. What are the corresponding R-modules when R = Clx, yl/ (x2 + yz —1)?

5.10. Free modules

February 10, 2025 Definition 5.19

Let M be an R-module and consider a collection of elements {x« },; € M. The submod-
ule generated by {xy}is

Geee) = E CoXx
X

finite
We say the x s are linearly independent if for every finite combination Zf o CoXo =
inite

0 implies c = 0 for all «.
We say the {x} forms a basis if they generate M and are linearly independent.

Definition 5.20

Given an indexing set I, the free module on I is the module

“almost all” RT:={(cq) | almost all c’s are zero}.
means all but
finitely many.
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Given any module M with a subset indexed by I, we have a map
@: R¥T 5 M
(ca) = Z CaXa
&

So M being generated by {x«} is the same as ¢ being surjective, the x«’s being linearly inde-
pendent is the same as @ being injective.

Definition 5.21

M is free R-submodule if a basis exists (equivalently, M = R®! for some I using the map
@ above).

M is finitely generated (f.g.) if there exists a finite set of generators (in other words,
M = R™/N for some submodule N C R™).

Non-Example 5.1 (Non-free modules) —
1. Z/2 as a Z-module.
2. Q as a Z-module (you cannot find more than one linearly independent element).

3. Any non-principal ideal I C C[x, y] (e.g., (x,y)) as a C[x,y]-module, since if we
have f, g € I, then fg — gf = 0.

Remark 5.25. R®! has a universal mapping property. Let ex € R?! be the element that is 1 in
the ath entry and 0 everywhere else. Given any M and {x«} C M, there exists a unique map

¢: RT3 M
such that p(ey) = x«.

Theorem 5.26
If Ris a PID and M is a free R-module, any submodule N C M is free.

Proof (sketch). Idea: Let M = R2. Consider the intersection with the x-axis: N N (R x
{0}). Since R is a PID, this intersection is generated by e := (a,0). Now project N onto
the y-axis: mz(N) C R, and let it be generated by b. Suppose e, = (c,b) € 7'[51 (N).
Then prove ej, e, for a basis for N (warning: if either a or b are zero, then omit the
corresponding basis element).

General finite case: If M = R™, consider the module R* for k < m embedded into R™
where the first k coordinates are in R, and the rest are zero (by abuse of notation, denote
it R*). Let

T - RK 5 R
give the kth coordinate. Consider my (N N R*¥) C R. RisaPID, soitis generated by some
(ax). Letex = (*,...,%,ay,0,...,0) € 71121 (ax). Now prove that {ey : ax # 0} forms a
basis for N.
General case: See book. O

5.11. Exact sequences
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Consider modules M1, M, M3 and morphisms such that

M; 5 My 5 M;.

We say this is exact if im f = ker g. Note that if im f C ker g, gf = 0.
In general, for a sequence {M;} of modules are morphisms such that

f g
2 M =2 My = My = My, 2 Mgz =

we say it is exact at M. if imf C ker g. The sequence is exact if it is exact at all M.

Example 5.14 (Important exact sequences) —
1. a) The exactness of 0 — L % M is the same as ¢ being injective (L embeds into
M).
b) The exactness of L %5 M — 0 is the same as ¢ being surjective.

¢) ...so the exactness of 0 — L % M — 0 is the same as ¢ being an isomor-
phism.

2. a) The exactness of 0 — L — M % N means that the image of L in M is the
kernel of .
b) The exactness of M 25 N — P — 0 means that P is isomorphic to N/ im .
If @: M — N is a morphism, the cokernel is defined as coker ¢ := N/ im ¢.

c) ...so since the kernel and image exist for any morphism ¢: M — N, we can
include it into an exact sequence

0 L - MEZNS P 0.
~— ~—
ker @ coker @

3. A short exact sequence is an exact sequence of the form
0—=L—=M—=N=0.

This is equivalent to:
e [ — M and N is its cokernel,
e M — N and L is its kernel,
¢ we can identify L as a subset of M and N = M /L.

In undergraduate algebra, we considered the kernel and cokernel as objects, but for the
future, we will want to consider them as an object together with a morphism (representing
inclusion and projection respectively): i: ker f — M/, p: M”" — coker f.
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Proposition 5.27 (Universal mapping property of ker and coker)
The kernel of a map f: M — M” is a has the following universal mapping property: fi =

0,and if M’ 25 M 5 M” satisfies gf = 0, then there exists a unique map @: M’ — ker f

such thatip =y.
0

kerf —— M ——5 M”
K.
. Ty
LN 0
M/

The cokernel of the map f: M’ — M has the following universal mapping prop-

erty: pf = 0, and if M/ 5 M X5 M” satisfies gf = 0, then there exists a unique map
P: coker f — M” such that Yp = g.

0
P Cokerf
\ l e
M//

Remark 5.28. In an additive category, we take these universal properties to be the definitions
of ker f and cokerf. In this abstract case, the kernel (resp. cokernel) is actually the map
i: ker f — M (resp. p: M — cokerf).

Example 5.15 (Splitting) — Given modules L, N, we can form an exact sequence involving
L® N by

01 X200, 1 N D¥2Y, N 0,

This is called a split short exact sequence. We say a short exact sequence 0 — L —
M — N — 0 splits if there exists an isomorphism M — L@ N that is compatible with
the given maps: L - M — L& N:x — (x,0), M — L&N — N: (x,y) — y. This is
summarized succinctly by the following diagram commuting:

0 L M N 0

I J{N |

0O— L —LeHN — N —— 0

Not all short exact sequences split. In Modz, the following sequences split

0=Z/2 =>Z/207Z/2 = Z/2—0,

0527/22% 774 ™42, 77 0.

ButZ/4 £ Z/28Z/2.
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Theorem 5.29
The following are equivalent:

1. The exact sequence 0 - L - M — N — 0 splits.
2. The map g: M — N admits a section s: N — M (i.e. gs = Tn).

3. The map f: L - M admits a retract r: M — L (i.e., rf = Tp).

Exercise 5.2. Use the above theorem to prove that every exact sequence of vector spaces splits.

Example 5.16 — Let M have generators {x;};.;. This is equivalent to a surjection R®! —

M, which is the same as R®T ™ M — 0 being exact. ker 7 is a module representing the
relations. Choose a set of generators y; = (yji)ier € R®I which we could consider the
“defining relations.” Then M is the cokernel of the map

RE £, RELT, M 0,

Definition 5.22
A presentation of an R-module M is an exact sequence of the form

G—=F—-M=0,

where G and F are free modules. F represents the generators of M. The image of G
generates the space of relations.

A module M is finitely generated if there exists exact G - F — M — 0 where F, G are
finite rank free modules. We can write M = R™/AR™ for some A € Mat,, xm (R).

5.11.1. Exactness and Hom

Recall Homg (M, N) is a functor that is covariant in the N entry and contravariant in the M
entry.

Theorem 5.30

1. M — M — M” = 0is exact, then 0 - Homg(M'”,N) - Homg(M,N) —
Homg (M’, N) is exact.

2.If0 - N — N — N’ is exact, then 0 — Hom(M,N’) — Hom(M,N) —
Hom(M, N} is exact.

~

Proof. (1) Let « be the map from M’ — M. Then exactness is the same as M" =
coker o = M/ im . The UMP of the cokernel says that we have 1-1 correspondence

Hom/(coker o, N) fry {f: M — N | fa = 0}.

The this set is the kernel of Hom(e, N) () := «*, where «*: Hom(M, N) — Hom(M', N).
Thus, Hom(M"”,N) — ker(Hom(M, N) — Hom(M’, N)) is an isomorphism. Therefore,

0 — Homg(M",N) L Homg (M, N) — Homg (M’, N) is exact.
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(2) This is a dual proof, so we give the main ideas. Let § be the map from N’ — N.
Then use the UMP of the kernel:

Hom(M, ker ) '&' {f: M — N | Bf = 0}. 0

Definition 5.23

A module P is projective if whenever we have a surjection f: N — N’ and a map
o: P — N”, there exists amap y: P — N such that py = «. In other words, the following
diagram commutes:

Theorem 5.31
Let P be a module. The following are equivalent:

1. Pis projective.

2. Every short exact sequence 0 — K — M — P — 0 splits (i.e. we have a section
P --» M).

3. P is a summand of free module. In other words, there exists a free module F so
that F= P Q.

4. If N’ =5 N — N’ is exact, then Hom(P, N’) — Hom(P, N) — Hom(P, N’ is exact.
5. If0 - N/ — N — N” — 0is exact, then
0 — Hom(P,N’) — Hom(P,N) — Hom(P,N") — 0
is exact.

6. If B: N — N, then p.: Hom(P,N) — Hom(P,N") is surjective.

Proof. (1) = (2)) Let0 - K - M — P — 0 be exact. Consider the identity map
id: P — P. Then there exists a 3: P — M such that By = idp, which implies v is our

desired section that splits.

((2) = (3)) Pick a set of generators for P. Then we have a short exact sequence
0 - K —F— P — 0 with F a free module. P @& K = F by (2).

(3) = @) If F = R™, then Hom(R\,N) = [Ihea N. Repeating for Hom(R™,N/),
Hom(R”, N”), we are asking for the exactness of

[In - TIN- TIN

AEN AEN AEN

which follows from the exactness of N’ — N — N”.

Since Hom(F, N’) — Hom(F, N) — Hom(F, N”') is exact, Hom(P,N’) — Hom(P,N) —
Hom(P, N") is exact.

((4) = (5)) Apply (4) at each of the middle three terms.
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((5) = (6)) Let B: N — N”. Then letting N’ = ker 3 gives us that
0N =-N-=N"=0
is exact. By (5),
0 — Hom(P,N’) — Hom(P,N) — Hom(P,N") = 0
is exact, which implies B.: Hom(P,N) — Hom(P, N") is surjective.
((6) = (1)) If B: N — N” is surjective, then B.: Hom(P,N) — Hom(P,N") is

surjection. Let o« € Hom(P,N”). Then we can write By = « for some y € Hom(P,N) b
the surjectivity of f3..

< o

Example 5.17 —
1. Free modules are projective (use (3)).

2. If R = A x B, where R, A, B arerings, then R = (A x 0) @ (0 x B) as a module. Each
A x 0 and 0 x B are projective, but not free if A # 0, B # 0.

3. From number theory, we have that R = Z[\/—5] is not a UFD because, e.g. the
ideals I = (3,1++/=5), 1’ = (3,1 —v/=5). I and I’ (as R-modules) are projective
but not free, which we will prove. One can show that I and I’ are not principal.
However, they are maximal because R/1 = R/1’ = Z /3. We can check that I # T/,
so I and I’ are comaximal. By CRT, IN1’ = II’, which turns out to be (3), a free
R-module. So it fits into an exact sequence

0= 1IN’ 51l 5 R =0,
=R

hence I& I’ = R@ R, so each ideal is projective.

Remark 5.32. There is a “dual” notion of a projective module. An injective module is a
module Q such that, given an exact sequence

0-M Mo M' 50,
the induced sequence
0 — Hom(Q,M’) — Hom(Q, M) — Hom(Q,M") — 0

is exact.

5.12. Tensor products

Definition 5.24

February 17, 2025 Let R be a ring and M, N, P R-modules. $: M x N — P is bilinear if (m+m/,n) =
B(m,n)+p(m’,n), p(m,n+n’) = B(m,n)+p(m,n’), p(rm,n) =rp(m,n) = B(m,m).
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Definition 5.25
If M and N are R-modules, the tensor product M cp N (also written M ® N when the
ring R is clear) is the quotient

M ®g N :=RM*N /A
where

(m+m/,n)—(m,n)—(m/,n),(m,n+n")—(m,n)—(m,n’),

(rm,n) —r(m,n),r(m,n) — (m, ™) : m,m’ € M,n,n’ € N,r € R).

A

Write m ® n as the image of (m,n) in M ® N under the above quotient.

Theorem 5.33 (Universal mapping property of ®)
If M, N, P are R-modules, then

Homg(M ® N, P) = Bilg(M x N, P),

where the RHS are bilinear maps from M x N to P.

Proof (sketch). Recall Hom(RM*N P)is precisely (set) maps M x N — P. The quotient
mapping property guarantees the only maps Hom(RM*N /A, P) are bilinear maps. [

The tensor product is commutative and associative. We have M @ R = M (so M @ R¥™ =
M®™). We also have “distributivity:”

M® (@Na) %@M@N(x.

5.12.1. Hom-tensor adjunction

Proposition 5.34
We have a bijection

Bilg (M x N,P) = Hom(M, Hom(N, P))

given by the map 3 — [m — (m,—)].

We'll prove a more powerful version (5.35).

Definition 5.26
Let R, R’ be rings. An (R, R’)-bimodule N is an abelian group with R-module and R’-
module structures that “play nicely” with each other:

r(r'n) =r'(rn)

forreR, " €R/,neEN.
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Example 5.18 —

1. If N is an R-module, then it is automatically an (R, R)-bimodule, where we have
the same action for both rings.

2. If f: R — R’ is a ring homomorphism, then R’ is an (R, R’)-bimodule, where the
R-action comes from the R’-action using f(r).

Theorem 5.35
Let R, R’ be rings, M and R-module, N an (R, R’)-bimodule, P an R’-module. Then

Hompg/(M ®g N, P) = Homg (M, Homg/(N, P)).

Remark 5.36. We’ll need to show M ®g N is an R’-module and Homg: (N, P) is an R-module.

Proof of Theorem 5.35. On the LHS, we have

Homg/ (M ®g N,P) = {B: M x N — P| B is biadditive,

B(m, ™) = B(rm,n), B(m,r'n) =r'B(m,n),r € R,r’ € R}

On the RHS, assume that maps in Homg (M, Homg/(N,P)) can be written as [m —
3(m,—)], hence we can consider it as a single map : M x N — P (this is a general
tehcnique called currying). One can verify that

Homg (M, Homg/(N,P)) ={f: M x N — P | 3 is biadditive,

B(m, ™) = B(rm,n), p(m,r'n) =r'B(m,n),r € R, v’ € R},

which corresponds with what we wrote above. O

5.12.2. Exactness

Definition 5.27

A functor F: Modg — Modg: is left exact if it preserves kernels. M’ is a kernel if and
only if it fits into an exact sequence 0 - M’ — M — M”. Then F being left exact is the
same as 0 — FM’ — FM — FM” being exact.

F is right exact if it preserves cokernels. M” is a cokernel if and only if it fits into
an exact sequence M’ — M — M” — 0. Then F being right exact is the same as
FM’ — FM — FM" — 0 being exact.

F is exact if it is both left and right exact. Equivalently, if M’ — M — M” is exact,
then FM/ — FM — FM” is exact.

We showed before that Hom is left exact in both arguments (5.30).

Theorem 5.37 (— ® N is right exact)

The tensor product is right exact both arguments: if M’ — M — M” — 0 is exact, then
s0isM"@N - Ma@N—-M"®@N = 0.

Remark 5.38. Stating the theorem for the other argument is redundant since the tensor prod-
uct is commutative.
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Remark 5.39 (How to remember this theorem if you know category theory). The tensor prod-
uct and the cokernel are both colimits, and colimits commute.

Proof. Let M” be the cokernel of a map M’ — M. In other words, it fits in an exact
sequence

M LML M 5o,
Using pullbacks, we can create a sequence
0 - Hom(M"”,Hom(N, P)) g, Hom(M, Hom(N, P)) £, Hom(M’,Hom(N, P)).
By the Hom-tensor adjunction,
0 - Hom(M"” ® N,P) - Hom(M ® N,P) — Hom(M' ® N, P)

is also exact. This shows that M ® N is the cokernel of M ® N — M’ ® N using the
universal mapping property of the cokernel again. O

5.12.3. Some special examples of tensor products

February 19, 2025 Example 5.19 — This right-exactness property is useful for actual computations. Let M
be an R-module defined by M = Re; & Re, / ((r, s)) for basis elements ey, e; and r,s € R.
Then M belongs to the sequence

RLRZ M=o,

where f(a) = (ra,so). Let N be any R-module. We wish to compute M ® N. Right
exactness implies

N R N2 Mo N S 0

is exact. The map f ® idg sends n — (mn,sn) = (rey + sez )n. Therefore, M @ N “looks
like” (e @ N)® (e2 @ N)/ (rej @ n+se; @n:n € N).

Example 5.20 — Consider M ®g (R/I). R/I fits into an exact sequence
I =R—=R/I—=0.
By right exactness of the tensor,
MRT—->M®R—-M® (R/I) = 0.

The elements of M ® I are m ® x for x € L. These map to m ® x € M ® R, which can be
identified in M with xm. Hence, M ® (R/I) = M /IM.

February 21,2025 Remark 5.40. The map I — R above is injective, but the tensor product is only right exact, so
M ®1 — M ® R is not generally injective, so we don'thave M @ I = IM.
For example, if R = Z and I = (2), then we have an exact sequence

O—>ZX—2>Z—>Z/2—>O.

Then, tensoring with M, we have that

M 22 M — M/2M — 0
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is exact. But M =% M my not be injective (see Non-Example 5.2).

Let R’ be an R-algebra. Then we can consider R’ as an R-module. Let M be an R module and
consider M ®g R’. This has an R’-module structure by s(m @ r’) .= m ® (sr’), for s, v/ € R/,
m € M, and extending by linearity. We call this an extension of scalars from R to R'.

Example 5.21 - IfR =R, R’ =C, M = R". Then
R"@rC=C™.
Concretely, if a € R™ and x +yi € C, then

aj xaq ya;
x+yi)=1] : [@1+] ! | &L

an X0n yan
So generally, — @R C gives a functor
Vectr — Vectc,

which we call complexification. The nice thing about this compared to the undergradu-
ate treatment is that this description is basis-free.

Example 5.22 (Tensor over rings) — If R = Z, R’ is any ring, and M = Z/n, then
Z/n®z R =R/nR.

For example, if R = Q,

Z/m®zQ=0.

Remark 5.41. If N is an (R, R’)-bimodule, then M ®g N is an R’-module. In particular, R’ is
an (R, R’)-bimodule, explaining why M ®@g R’ could be viewed as an R’-module.

Remark 5.42 (Cautionary tale; what goes wrong with infinity products). Consider R>® ®p
R[x] (wWhere R* is the infinite direct product of R’s). We claim this is not (R[x])*°. Indeed,
simple tensors in R* ®g R[x] are

(a1,a2,...)® (co+cix+ - +cxx®) = (coar, coaz,...) @ T4+ (cxaj, cxaz,...) @ xF.

Since elements of the tensor product of finite sums of such elements, the degree of each entry
is “uniformly bounded”. Hence, R* ®r R[x] = (R*)[x]. An element not in this ring is
(1,x,x2,...).

Remark 5.43 (Restriction of scalars). M ®g R’ has universal mapping property from ®g. It
has a different universal mapping property as an R’ module: for M an R-module and N an
R’-module, given R-linear f: M — N, it uniquely factors through the surjective R’-linear map
M KR R’ = N.
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5.13. Interlude: category theory, limits, and colimits

February 24,2025 Recall category theory from last semester. Here are some recent examples of functors:

Example 5.23 — The tensor product is a functor
—® —: Modr X Modgr — Modg.
Extension of scalars is a functor
— ®g R': Modg — Modyg:

(implicitly, we need to show M — M’ induces a map M ®g R’ — M’ ®g R’ that is
functorial).
The Hompg (—, —) functor is contravariant in the first input and covariant in the second.
In other words,
Hompg(—,—): (Modg)°? x Modg — Modg.

Definition 5.28
Let €, 2 be categories. Define Fun(¢’, 7 be a category where

* objects are functors ¢ — 2,

* morphisms are natural transformations. Recall that given F, G: € — 2, a natural
transformation n: F — G consists of morphisms 1n(A): FA — GA such that the
following diagram in 2 commutes

n(A)

A FA ML ca

@l F(qa)l JG(@)

B FB —  GB
n(B)

If each n(A) is an isomorphism for A € &, then we say that 11 is a natural isomor-
phism, denoted F ~ G.

Definition 5.29

A functor F: € — & is an equivalence (of categories) if there exists a functor G: 2 —
¢ such that the functor F o G is naturally isomorphic to Id4 and the functor G o F is
naturally isomorphic to Id¢. We call G a quasi-inverse to F.

Example 5.24 — Let k be a field and Vect{;d' be the space of finite-dimensional k-vector
spaces. Consider the dual functor

oV: (Vectid')op — Vectid': V= VY = Hom(V, k).
We can take the double dual, which is a functor

V
(.V) : Vecttd — Vecttd: vV — (VY)Y = Hom(VV, k).
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I This turns out to be an equivalence of categories.

Example 5.25 (Idempotents) — Consider the category Idem where objects are pairs (R, e),
where Risaring and e € Ris anidempotent. Morphisms (R, e) — (R’, /) are morphisms
@: R — R’ such that ¢(e) = e’. Now consider the category Ring x Ring.

There is an equivalence of categories given by the functors

[ (R, e) — (R/(e)/R/” _e))/

G: (R],Rz) = (R1 X RZ/ (011))/

(implicitly, we have to show these are indeed functors).

Theorem 5.44
A functor F: € — Z is an equivalence of categories if and only if

1. Fis fully faithful: for all C,C’ € ¢, the induced map
Home (C, C") 5 Homg (FC, FC')

is a bijection.

2. Fis essentially surjective: for all D € &, there exists C € € such that FC = D.

Proof sketch of < . We construct the quasi-inverse functor G: 2 — €. For each D ¢

9, choose some C € % and an isomorphism ¢p: FC — D. Set GD = C. Now if we
have a morphism f € Mor(D,D’), let G(f) € Hom¢(C, C’) that is the preimage of the

morphism f = (pB],fq)D € Homg, (FC,FC’)

To do after this: verify this is a functor, verify that G is a quasi-inverse. O
If we only make the fully faithful assumption, define the essential image of F as
Im(F):={D € 2 :F(C) =D for some C € Z}.

The essential image is a subcategory of & and F is an equivalence of categories between ¢
and Im(F).

Definition 5.30

A full subcategory is a subcategory ¢ C ¢’ such that Homy/ (A, B) = Homy (A, B) for
all objects A, B € €.

I Example 5.26 — AbGp C Grp is a full subcategory.
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Corollary 5.45

Fis fully faithful if and only if it gives an equivalence between ¢ and a full subcategory
of 9.

We call F a full embedding.
Proverb. The best things in life are equivalences of categories.

Example 5.27 — Let X be path-connected and x € X. Then there is an equivalence of
categories

Cov(X) = {Covering spaces of X} — GSet,

where G = 77 (X, x).

5.13.1. The Yoneda lemma

Consider h(—) = Homg(A,—) as a functor ¥ — Set. We have a functor h,: €°P —
Fun(%,Set) given by A — ha(—) and f € Hom(A, B) maps to the natural transformation
f*: hg(—) — ha(—), defined for g € Hom(C, C’) as

Hom(B, C) ﬂ Hom(A, C)

9*(hBJl lg*(hA)

Hom(B, C’) W Hom(A, C’)

where
h+——3 hof

! |

goh—— gohof

We call this the Yoneda embedding.

Theorem 5.46
The Yoneda embedding is fully faithful.

Dually, there is a functor h () := Homg(—, A), which gives us a functor ¢ — Fun(€°P, Set)
given by A — h”A(—). The same results follow.
To prove this, we prove the following stronger statement:

Theorem 5.47 (Yoneda lemma)
1. Given A € € and F € Fun(%, Set), there is an isomorphism

HomFun((@”,Set) (hA/ F) — FA
@ — @(A)(ida).
2. If we view both sides of the equality as functors,
% X Fun(%,Set) — Set,

then this isomorphism is natural.
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February 28,2025  This theorem gives us a categorical framework for universal mapping properties, which we
will now describe.

Given F: ¥ — Set, Fis if there exists A € € such that F ~ h (or F ~ h™).
We say A the functor F.

Proposition 5.48
If F is representable, the representing object A is unique up to natural isomorphism.

Proof. If ho ~ Fand hg =~ F, then there is a natural isomorphism hp =~ hg. Since the
Yoneda embedding is fully faithful, this isomorphism comes from some isomorphism
A = B. O

Example 5.28 (Tensor products via Yoneda) — Let A,B € Modg. We construct a func-
tor Modg — Set as follows: given X € Modg, consider all bilinear maps Bilg (A, B; X).
For this to be a functor, we need to check composition (and identity, but that’s okay).
Given a homomorphism X — Y, we have a map Bilg (A, B; X) — Bilg(A, B; Y) with this
homomorphism.

AXxB — X

~
~
~
~
~
~
~

A

Y

We now can give an alternative definition of the tensor product: A ®g B is the R-
module representing the functor Bilg (A, B; —). Once we verify that the functor is repre-
sentable (by constructing the tensor product), we immediately get that the tensor prod-
uct is unique up to isomorphism.

Example 5.29 (Extensions of scalars via Yoneda) — Let R — R’ be a structure map and A an

R-module. Consider the extension of scalars of A, which we denote EXEI (A) € Modg:.
Consider the functor

Modg, — Set
X — Homg (A, X).

Then EXE/( ) is the representing object is the same as saying HomR/(EXE/(A),X) =
Homg (A, X) for any X € Modg:.

Example 5.30 (Restriction of scalars and some adjoint functors) — Given X € Modg/, we
!
have a restriction of scalars ResX : Modg, — Modg. We have that

Homg, (ExR (A),X) = Homg (A, ResR (X)).

Something to note: if we knew how the extension of scalars functor EXE/, then finding
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ResE, (X) is the same as finding the representing object (h** this time, not h4) of

Modgr/ — Set
A — Homg/ (ExR'(A), X).

The pair (EXE/,RQSE/) is an example of a pair of left/right adjoint functors. Theo-
rem 5.46 implies that if a left adjoint exists, then it is unique up to natural isomorphism.
By applying the theorem to the opposite category, we have that if a right adjoint exists,
then it is unique up to natural isomorphism.

Example 5.31 (Free-forgetful adjuction) — Let G: Grp — Set be the functor that “forgets”
a group H is a group. We claim a left-adjoint exists. In other words, given H € Grp and
X € Set, we have

Homgp (F(X), H) = Homse: (X, G(H)).

The left adjoint is precisely given by the free group functor F: Set — Grp that makes a
free group on a set.

This is a common example of a left/right adjoint pair: the right adjoint is a forgetful
functor and the left adjoint is “free,” however we ask to define it.

We have a forgetful functor Ring — AbGp. The associated free functor is

®0 ®2 (048
Ab—)ANZ BABAT B GATT B

Example 5.32 — The notion of currying, that is, Hom(X X Y, Z) = Hom(X, Hom(Y, Z))
by f — [x — f(x,—)] in Set (or any other category that is “Set with extra structure”) is
the statement that (— x Y, Hom(Y, —)) is an adjoint pair.

March 03, 2025 Proof of Theorem 5.47 (1). We construct an explicit inverse. Let x € FA. For B € ¢
and f € ha (B) = Hom(A, B), define

X (f) = F(f)(x) € FB.

Thus, Xp is a morphism Hom(A, B) — FB. We claim X.: ha — Fis a natural transforma-
tion. Let g € Hom(B’, B). It suffices to show the following diagram commutes:

Hom(A,B) —% Hom(A, B’)

| J5

Let f € Hom(A, B). Then
(Xgr o g«)(f) =Xp/(gof) =F(gof)(x).
On the other hand,

(F(g) oxg)(f) = F(g)(F(f)(x)) = F(g o f)(x).
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Now we show these operations are inverses. If x € FA, then
XA (ida) = F(ida)(x) = x.

On the other hand, if ¢ € Hom(hp, F), then

—_—

(@(A)(ida))B(f) = F(f)(@(A)(idA)).
Since the following diagram

ha(A) —5 ha(B)

w(A)l l(p(B)

FA —— FB
F(P)

commutes,

F(f)(@(A)(ida)) = @(B)(f«(ida))
= @(B)(f).

It follows that ¢ = (p(m A ), as desired. O
Proof of Theorem 5.46. This follows from replacing F with hg in the Yoneda lemma
(5:47). O

5.14. Examples and applications of tensor products

Example 5.33 — Let M € Modg. Then M®™ represents the functor

X s Multilinear maps
Mx...xM—=X |~

Definition 5.32

Amultilinear map p: M X - - - x M — Xis symmetricif u(my, ..., mn) = plmeg1y, ..., Mg(n))
forall o € Sy.

Now consider the functor for X € Modg:

X s Symmetric multilinear maps
Mx.-xM— X '

We claim this functor is representable. The representation is the ‘obvious” choice by modding
out by the extra relations that a multilinear map has if it is symmetric:

MO/ (g @ @M = Mg(1) @ @ Mg(n) 10 € S ).

We define this as the nth symmetric power of M, denoted Sym'™ M.

Definition 5.33

A multilinear map p: M x - - - x M — Xis skew-symmetric/anti-symmetricif p(my,..., mp) =
0 whenever m; = mj for i # j.
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If 2 is invertible in R, then this is equivalent to
wmy,...,my,...,my,...,mp) = —p(my,...,mj,...,my,...,myp).

The functor
X { Skew-symmetric multilinear maps }

Mx---xM—=X

has a representation:
MO/ (Mg @ @My my =my, i # 7).

We define this as the nth exterior power of M, denoted /\"" M. The image of m; ® - - - ® mn,
in A™ M is denoted mq A - - - Amny.

Example 5.34 (Powers of free modules) — Let M = @i* ; Re; be a free module. Then
M®d — @ R(ei] ®"'®€in),
1<iq,...,ig<n
SymdM = @ R(ei] e ein)/
1< < <ig<n
/\dMZ @ R(ei]/\~-~/\ein).
1<ij<--<ig<n

March 5, 2025 Example 5.35 — We have a decomposition

o0
R[X1/-"/XTL] = @ Symd(RX] 69 e @ RXT‘L)
d=0

by rewriting polynomials as sums of homogeneous polynomials.

Example 5.36 (Determinants) — If M = Rej @ - - - Ren, then
/\nM =R(eg A---Aen).

In fact, A™ M is a functor: given ¢: M — M, we have an induced map A™ ¢: A" M —
A™ M that does the map on each basis element (extended by linearity). Since A™ M is
free of rank 1, A™ ¢ represents multiplication by an element of R. Define det ¢ :== A™ .

Upshot: basis-free definition of the determinant! Moreover, since A™M is a functor,
for ¢, € Hom(M, M) we have that det ¢1\p = det ¢ - det{ by functoriality. This gives
a fast proof of the determinant being multiplicative.

Let S1,S; be R-modules, and consider S;1 ®g S;. This has a natural R-algebra structure:
addition is as usual. Define the product on simple tensors as

(s1 ®s2)(s] ®s3) = (s157) @ (s25),

and extend by linearity. The structure map R — S7 ®g Sz isgivenby r— r(1® 1) = (i1 (1) ®
1) = (1 ®1z(r)). Of course, you need to verify that this actually makes S; ®g S; a ring.
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Example 5.37 — Let S; = R[x]. Then $; is a free R-module with basis {x! : i > 0}. Then
if S, is another R-algebra, then

S1®Sy,=85[x] = @Sz xt.
i=0

In the category R-Alg ,mm Of (commutative) R-algebras, S; x S; is the product and S; ® S,
is the coproduct.
Let R, S be rings and consider a (R, S)-bimodule M. Define

(r®s)m:=r(ms) = (rm)s.

Proposition 5.49

A (R, S)-bimodule is the same as a (R ®z S)-module with scalar products defined as
above.

Remark 5.50. If we don’t require that R and S commute then a (R, S)-bimodule is the same as
a (R ®yz S°P)-module.
5.15. Flatness

March 7,2025 Recall that — ®@g N is right-exact. In other words, a short exact sequence
0-M ->M-M"—-0
induces an exact sequence
M'@&N—-MaN—-M"®@N = 0. (5.1)

It not necessarily left-exact (see Remark 5.40). N being flat means we can extend (5.1) to a
short exact sequence.

Definition 5.34

An R-module N is flat if — ®g N is exact (Equivalently: left-exact. Equivalently: if M —
M/, then M @ N — M’ @ N).

We've seen this idea before: Hom (M, —) is a left-exact functor, but if M is projective, then it
is also right-exact.
Example 5.38 —
1. 0is flat.
2. Ris flat (over R).

3. If My and M, are flat, M @& M, is flat because (M1 @ M3) @ N = (M; @ N) @
(M, ® N) and direct sums of exact sequences are exact. Since tensor products
commute with arbitrary direct sums, if {M} is a collection of flat modules, then
@D« M is flat. This implies, e.g., all free modules are flat.

63



5.15 Flatness Pramana

Fact 5.51. Given sequences
0->M =Moo M’ 50,

05N N NS0,

the induced sequence
0-MaeN s MaN-sM'a&@N" -0

is exact if and only if the first two are.

4. As a consequence, projective modules are flat.

Example 5.39 (The rank of a Z-module) — Q, viewed as a Z-module, is flat, but not
projective (take the fact that Q is flat for granted, but you can prove Q is not projective).
Let
0-A"5A-A" =0

be an exact sequence of Z-modules (abelian groups). Then
0-A'"®2Q—-ARzQ-A"®zQ—0

is exact. But — ®z Q is an extension of scalars, making each module a Q-vector space.
Let r(A) = dimg(A ®z Q). Using facts of vector spaces, we have that r is an additive
function (in short exact sequences): if 0 - A" — A — A” — 0 is exact, then r(A) =
(A +1(A").

Consider the module A ®z Q explicitly. If A is finitely generated, let its decomposition
be

A=Z" o PZ/ad:.
i
Then
ARzQ=(Z®Q)"oPQ/diQ=Q*™
i

So 1 coincides with the traditional notion of the free rank of an abelian group.

Remark 5.52. In Modz, short exact sequences do not split. The above example extended by
scalars to the category Modg, where short exact sequences do split.

Proposition 5.53

If Ris a domain, its field of fractions F is a flat R-module. As a result, r(M) := dimg (M ®g
F) is an additive function (in short exact sequences).

To prove this, we will prove a stronger statement about localizations.
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Non-Example 5.2 — Z/p is a Z-module. Define the p-rank, v, as
Tp(A) =dimz,, A®z Z/p =dimz,, A/pA.
This function is not additive precisely because Z/p is not flat; e.g.,
0-Z2-5Z5Z/p—0

does not become exact under — @z Z/p.

5.16. Localization of rings

Slogan. Localization forms rings of quotients with fewer restrictions.

Definition 5.35

Let R be a ring and S C R be a multiplicative subset (i.e., S forms a semigroup under -).
The localization of R with respect to S is the set of pairs (r,s) € R x S, often written £
(we will call these fractions), modulo an equivalence that tells us when fractions are the
same (we define this below). Denote this setas S~ 'R or R[S '].

To represent fractions that are equal, we may naively give a relation

T T2
— ~ — &= TS =T1287.
$1 S2
Unfortunately, this relation is not transitive. Indeed, if :—: ~ :—;, Z—i ~ Z—i, then r1s2 = 1387

and 1253 = r353. This does not imply r1s3 = r3s7. However, this does imply that rys2s3 =
r35257. This motivates the “correct” equivalence relation:
T T2

— ~ = &= thereexists s € S such that sry1s; = s12587.
s1 $2

We give R[S~ '] a ring structure by

T1 T2 T1S2 +T1T287
LI 1221 220

S1 S2 $182
T T2 T2

S1 S2  S1S2

There exists a natural map

Example 5.40 —

1. If S € R*, then ¢ ~ ”171 . Therefore, A is an isomorphism.

2. If Ris a domain and S = R —{0}, then R[S~ '] is the field of fractions.
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| 3. If0 €S, thenR[S~ 1] =0.

Warning: A is not necessarily injective. Suppose A(r7) = A(r2) Then there exists s € S such
that s(r7 — 1) = 0. This does not imply 7 = r;, since S may have zero divisors. In fact, A is
injective <= S has no zero divisors.

Localization comes with its own universal mapping property.

Theorem 5.54 (Universal mapping property of R[S_]])

Given a ring R, a multiplicative subset S, and a ring map ¢: R — X such that ¢(S) C X*.
Then there exists a unique morphism @: R[S™'] — X such that the following diagram
commutes:

Stated more cleanly with representables:

Theorem 5.55

R[S represents the functor

X = {¢ € Homging (R, X) : ¢(S) C $*}.

These two theorems are essentially the same because of a homework problem:

Exercise 5.3. Let F: ¥ — Set be a functor. Show that F is represented by a € ¢ if and only if
there exists o« € F(a) such that forany b € ¢ and € F(b), there exists a unique f € Mor(a, b)
such that F(f)(x) = 3.

Example 5.41 — Let f € R. Consider the multiplicative subset S = {f*:k > 0}. We
consider R[S™'] (sometimes denoted R[f~'] or R¢).

Proposition 5.56
R¢ = R[t]/(tf —1).

A direct way to prove this would be by the map 1? — t. We’ll do a more fancy proof.
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Proof. By the representability of R[S™'] (5.55), we can see easily that Ry represents

the functor
X — {¢ € Homging(R, X) : @(f) € X*} (5.2)

On the other hand, R[t] represents the functor
X — {(¢, 1) € Homging (R, X) x X}

(this makes sense: a map out of R[t] is the same as saying where R goes and where
t goes). R[t]/(tf — 1) represents the functor

X = {(¢@,7) € Homging (R, X) x X : T (f) =1 =0}. (5.3)

But te(f) = 1if and only if ¢(f) is invertible, so (5.2) and (5.3) are represented by
the same object. O

Proposition 5.57
March 12,2025 | There is a bijection

prime ideals prime ideals p C R
of R[S~ 1] suchthatpNS=9 |’

given by q + q¢ under the ring map A: R — R[S™']. The inverse operation is p — p¢ =
RIS™TIA(p)-

Remark 5.58. Recall that p® = {} ; a;A(pi): a; € RIS™'],p; € p}. This looks like an exten-
sion of scalars. Indeed, this is the image of R[S™'] ®g p in R[S™'] (the map is induced by the
inclusion p — R).

Proof sketch of Proposition 5.57. Here are the main claims and the steps:

1. q prime = ¢ prime. We have proven this before.

2. °NS=a.If £ € qforsome s € S, then q = (1) (since it contains a unit).
q T <49

e

3. (g°)¢ =q.If L € q, then T € g, which means r € q¢, which implies T € (q€)¢.
W9 ) =gy 1 p s

4. If p C R prime with p NS = &, then p¢ prime and (p¢)¢ = p. Suppose g—]‘ : ';—22 =2,
where p € p. Then there exists s’ € S such that

s'ajaza =psysas’.

Since p N S = &, this implies a; or a; are in p, so ‘51—11 or 2—5 are in p°©. O

Proposition 5.59
More generally, we have a bijection

ideals ideals I C R such that
of R[S~ 1] sa€l,seS = a€l [
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Corollary 5.60
More specifically, we have a bijection

maximal ideals prime ideals p C Rsuch thatpNS =9
of R[S~ 1] that are maximal amongst such ideals

5.16.1. Localization at a prime
If p C Ris a prime ideal, then R — p is a multiplicative set. Let
Ry =R[(R—p)~"].
Then prime ideals in Ry, are in bijection with prime ideals of ¢ C R with ¢ C p. There is a
single ideal that has this property: p. Therefore, R;, is local with maximal ideal Rpp.
Example 5.42 — The prime ideals of Z are (p) for p prime.

e In Z[2 '], we have all the same ideals except (2) (e.g., (3) C Z2 s generated
by fractions of the form 237, where k > 0).

* InZ(,), the only non-trivial ideal is (2) (e.g., 9 is a unit with inverse %, but 4 is not
an inverse because % € Z(3))-

* Zi) = 0.

5.17. Localization of modules

Definition 5.36

Let R be a ring, S C R a multiplicative set, and M an R-module. The localization of M
with respect to S is set of pairs (m, s) € M x S, often written &+ modulo the equivalence
relation %1 = T—; if there exists s € S such that ss;m; = sm,s;. Denote this module as

MI[S—T].

Notice that M[S~ '] is an R[S~ ']-module.
Moreover, the localization of modules is an extension of scalars: M[S™'] = R[S™!] ®r M.
Therefore, the functor M — M[S™ ] sending the morphism f: M — N to S M[ST1] —

—17. f(m) . .
N[S—']: % ) —5— is right exact.

Proposition 5.61
M — MI[S~ "] is an exact functor. Equivalently, R[S~'] is a flat R-module.

Proof. It suffices to show the functor preserves injections. Let f: M’ < N. Let mT/ €
M’[S~'] and suppose %M = 0. Then there exists s’ € S such that f(m')s’ = f(m's’) =
0. Therefore, s'm’ =0, so mT/ =0. O

Remark 5.62. What are R[S~ ']-modules? Using a characterization from before, it is the same

an abelian group M together with a ring homomorphism R[S™'] — Endz(M). By the uni-

versal mapping property, this is the same as ring homomorphisms R — Endz(M) such that
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the image of S is contained within the units of Endz(M). This exactly means that M is an
R-module with any action of s € S being bijective.

To be extra careful, we notice that Endz (M) need not be commutative. To fix this, we need
to show that if a,b € Endz (M) commute and a is invertible, then a— ! and b commute.

5.18. Determinants and the Cayley-Hamilton theorem

If we use the standard definition of the determinant in linear algebra (e.g., }_ ;s sgn(o)ajg(1) -

we can extend it to A € Mat, «n (R) to get det(A) € R.

Proposition 5.63
The following are equivalent:

1. Aisinvertible.
2. det(A) € R*.
3. The columns of A form a basis for R™.

4. The rows of A form a basis for R™.

Proof. ((1) & (3)) follows from properties of the basis.

(1) = (2)) Determinants are multiplicative, so det(A) det(A~1) =det(I) = 1.

() = (1)) A~ can be written explicitly using the formula for the inverse of a
determinant from linear algebra.

(1) & (4)) det(A) =det(AT). O

Remark 5.64. The gist for some of the above proofs was to reduce to the case over fields,
where we already know how linear algebra works. If R is a domain, then we may embed it
into its field of fractions, but what about more generally?

Example 5.43 — The formula det(AB) = det(A) det(B) is checking that some polynomial
equation holds. The claim is that it suffices to check in the “universal ring”
S=Zlaj1,...,ann,b11,...,bnnl. Then we map into any ring R. To reduce to a field, we
use the field of fractions of S: Q(aj1,...,ann,b11,..., bnn), where we know it holds.

In summary, det(AB) = det(A) det(B) holds in Frac(S), so it holds in S. Then under
the natural map S — R, the formula also holds.

Similarly, for any polynomial identity in some number of variables, we can follow the same
process. There’s another trick if we want to include inverses.

Example 5.44 — Consider the formula A~ = det(A)qadj(A) if det(A) € R*. We need
to check that
det(A)'adj(A)A = Adet(A) Tadj(A) =1,

which gives a polynomial system in R. Our “universal ring” now needs the inverse of
det(A) for it to make sense. We can do this precisely with localization:

S = Z[(l]],. .e, Qnnl [det(A)i]L

which is a domain that we can embed into its field of fractions and repeat the same
reasoning as the last problem.
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Recall that we defined the determinant of ¢: M — M, where M are free modules of rank
n, as the scalar that represents multiplication for the map A™ ¢: A"M — A™ M.

Remark 5.65. If M and M’ are free modules of the same finite rank, then it’s a little misleading
to talk about the determinant of a map ¢: M — M/, since it isn’t invariant under changes of
bases: det(A) # det(CA(C/)~ 1) generally. However, one can still consider det(¢) under the
identification A" M =R, A" M’ =R.

Warning: Eigenvalues/vectors don’t work as nicely. The characteristic polynomial x A (t) ==
det(t-I— A) € R[t] exists, but

1. The polynomial may not have roots.

2. Aroot A of x(t) means det(Al — A) = 0, but we have that Al — A is invertible if and only
if det(AI — A) is a unit, so we don’t have enough information.

3. Even if Av = Av for some v, we may not even by able to use it in some basis of R™.

However, not all is lost.

Theorem 5.66 (Cayley-Hamilton for rings)
Let A € Matxn (R). Then xa(A) =0.

There are two ways to prove this: repeat the proof from fields and be slightly careful, or use
the “universal ring” trick from the above remark. We won’t cover either.

5.19. PID structure theorem

We'll cover the PID structure theorem, which tells us what finitely generated modules over
a PID R look like. A corollary is the classification of finitely generated abelian groups (with
R =2).

Recall the following definition from UFD theory:

Definition 5.37
Let R be an integral domain.

1. Letr € R—{0}be a non-unit. Then r is irreducible if, whenever r = ab for a,b € R,
at least one of a, b is a unit. Otherwise, 1 is reducible.

2. p € R—{0}is prime if (p) is a prime ideal. In other words, a nonzero element p is
prime if it is not a unit, and whenever p | ab for any a,b € R, then either p | a or
plb.

3. Two elements a,b € R are said to be associate if there exists a unit u € R such that
a =ub.

Proposition 5.67
In a PID, a nonzero element is prime <= it is irreducible.
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Theorem 5.68 (PID structure theorem)
Let R be a PID, M a finitely generated R-module. Then we can decompose

M=R&---®R®R/(a;)®--- B R/(an)

for aj,...,an € R. There are two well-known decompositions that have uniqueness
properties.

1. (Elementary divisors):
k

M=R"a® PR/ (p(™),

i=1
where p; is irreducible and m; > 1. The rank n is unique and p;"* are unique up
to permutation and multiplication by an associate.
2. (Invariant factors):
m
M=R"& PR/ (ai),
i=1

where aj | az |-+ | am.

5.19.1. Application: structure of polynomial rings via rational normal form

Let F be a field and let R = F[x]. Then R is a PID. There is a correspondence

(5.4)

(R-modules} «— { vector spaces V/F together with }

an endomorphism A: V — V

We may wonder what the finitely generated modules are. If dimr V < oo, then V is finitely
generated as a F-module, so it is finitely generated as an R-module.

Remark 5.69. V is finitely generated as an R-module <= there exist vy,...,vin € V such
that V =span {Alvi :1>0,1 <k < m}.

Note that R is infinite-dimensional over F, but R/(p) is finite-dimensional over F for any
nonzero p € R.
If we use the PID structure theorem (5.68) for finite dimensional V /F, then the rank is zero.
Let p(t) = ap +--- +t™ € R[t] (we may assume p is monic). Then F[t]/(p) is a finitely-
generated F[t]-module. In the correspondence (5.4), the vector space is F[t]/(p) and A repre-
sents multiplication by t. We’ll now explicitly write what multiplication by t looks like with
the basis {1,t,...,t™ '}:
—ay
1 —aq
! @ (5.5)

T —am—

Theorem 5.70 (Rational normal form)

Let V be a finite-dimensional over F and A: V — V is an endomorphism. Then there
exists a decomposition V = i Vi, such that on some basis of each V;, Al takes the
form (5.5) (so A is a block matrix with blocks of this form), and the associated polynomi-
alspy,...,pm satisfy py |- [ pm.
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Notice that the characteristic polynomial of each block is the associated polynomial.

5.19.2. Structure of polynomials rings via Jordan normal form

March 21,2025 Suppose the elementary divisors of an operator A: V. — V over a finite dimensional vector
space V/F are of the form (x —A)™. Equivalently, assume that the characteristic polynomial
of A splits completely over F. In particular, this always holds if F is algebraically closed.

For F[x]/(x —A)™, a good basis to choose is {1, (x —A),..., (x —A)™~1}. Then multiplica-
tion by x corresponds to the matrix

1T A

Traditionally, we reverse the order of the basis so that the above matrix is upper triangular.

Theorem 5.71 (Jordan normal form)

Let V be a vector space over F and A: V — V an endomorphism whose characteristic
polynomial splits completely over F. Then there exists a basis of V for which A is a block
diagonal matrix with blocks as above (each block may have different values for A).

The so-called “Jordan basis” generalizes an eigenbasis; each block has an eigenvector with
eigenvalue A and each other basis vector is an eigenvector modulo the previous eigenvector.
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6. Field theory and Galois theory

March 31,2025 Let F be a field. Fields are examples of rings. We'll investiage some properties by looking a
ring homomorphisms to F. The only ideals of a field F are F and (0). If

¢:F—E
is a nonzero ring homomorphism, then ker(¢) = (0), so it is injective. We say that F is a

subfield of E and E is an extension of F.

6.1. Characteristic

Since Z is initial in Ring, there exists a unique morphism ¢: Z — F (what is it?). Moreover,
ker(¢) is prime (¢(Z) is contained in a field, so it is an integral domain, now use the fact that
Z/ ker(@) = @(Z)"). We have two cases:

¢ Case 1: ker(¢@) = (p). Then F is an extension of IF,. We say that IF}, is the prime field of
F and that F has characteristic p.

* Case 2: ker(¢) = (0). Then the following diagram commutes by the universal mapping
property of localization

Z —— Z[(Z-{0)""1=Q
H!%
F

Since Q — T is nonzero, Q embeds into F. We say Q is the prime field of F and that F
has characteristic 0.

Fact 6.1. If F and E have different characteristics, then there are no nonzero homomorphisms
from Fto E.

6.2. Extensions generated by a set

LetF C Ebeasubfieldand S C E a subset. Then the ring extension (F-algebra) of F generated
by S, denoted F[S], is the smallest subring of E containing F and S. The field extension of F
generated by S, denoted F(S), is the smallest subfield of E containing F and S.

Proposition 6.2

If F C Ris a field contained in a ring, and R is a domain and finite-dimensional over F,
then R is a field.

Proof. Let & € R be nonzero. Consider the linear map u defined by multiplication by o.
Then o is not a zero-divisor <= p is injective &= p is surjective. Thus, u(x) = 1 for
some X. O

Corollary 6.3
If F[S] is finite-dimensional over F, then F[S] = F(S).
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Example .1 (Multiplying by conjugates) — Concretely, in high school algebra you learned

that ‘ f Q2.

6.2.1. Simple extensions

A simple extension if an extension of the form F(«x) O F. We say that « is primitive. Given
« € E D F, consider the map
@: FIx] = E: p(x) — pla).

Then ker(¢) is a prime ideal. There are two cases:

® Case 1: ker(¢) = (m) for an irreducible polynomial m(x) € F[x]. Then

is finite-dimensional over F, so Fla] = F(«). We say « is algebraic (over F), i.e. ¢ is not
injective, i.e. « is a root of some polynomial over F. In this case, we say that m(x) is the
minimal polynomial of «.

e Case 2: ker(¢) = (0). Then F[x] is isomorphic to Fla], so Fla] is only a ring. To get a
tield, we need to consider its field of fractions, which corresponds to the field of rational
functions of one variable, F(x). In this case, we say that « is transcendental (over F).

Remark 6.4. We will use the shorthand notation “o/F is algebraic,” for some « in a field ex-
tension of F, and “E/F is finite,” for some field extension E of F (and other such combinations)
often. These should not be read as quotients, rather they should be read as the word “over.”

Example 6.2 - C =R(i) = R[x|/(x2 + 1) isa simple extension. In fact, C = IR(z) for any
z=a+bi,b#0,eg,C=R(3+2i)=RK/((x—3)%+4).

Remark 6.5. Given an irreducible m € F[x], E := F[x]/(m) is a field. Then E = Fl«], where «
is the image of x in E. We have that the minimal polynomial of o over F is m.

6.3. Degrees of extensions

Definition 6.1

If F — E, then E is naturally a F-vector space. We say E/F is finite if dimg(E) < oo. If so,
let the degree of extension be denoted [E : F| .= dimg(E).

Example 6.3 (Degree of simple extension) — F(o)/F is finite & « is algebraic. Note
that

[F(o) : FI = deg(me,r(x)).
We call the above quantity the degree of o over I, denoted deg; (). The basis for F(x)/F
is {1, o, ocz, el odegr () =1 }
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For other extensions, e.g.,

we have the issue that, e.g., F[x, y] is not a PID, unlike F[x], so it is more challenging to describe
F(e, B). Instead, we can consider F(x, ) = (F(«))(B). We have a nice fact about such towers

of simple extensions.

Proposition 6.6
Let K O E D F be fields.

1. X/Fis finite & F/E and E/F are finite.
2. [K:Fl=[K:E]-[E:F.

Proof. K = EXF) as an E-vector space, and E = F'FFl as an F-vector space, so K =
FIK:EI[EF] a5 an F-vector space. O

Written explicitly, if K/E has basis {«1, ..., an} and E/F has basis {1,..., Bm]}, then K/F
has basis {xiBj:1<i<n,1<j<m}.

Corollary 6.7
1. If K D E D Fare fields, then [E : F] | [K: F].

2. If E = F(«), then degy () | [K: F] for any « € K, where K/F is a finite extension. In
particular, « is algebraic.

Example 6.4 — x3—2¢ Q[x] is irreducible by Eisenstein’s criterion (p = 2). Therefore,
x3—2= m%Q(x). By Example 6.3,

[Q(V2):Ql =3,

with basis {1, J2, \S/Zl} Let B € Q(+/2). Then degy(B) | 3. If degy(B) =1, then p € Q.
If deg(B) = 3, then Q(B) = Q( ¥/2),ie., B is primitive (it generates the extension).

Corollary 6.8
Let x1,..., ¢ € E D F. F(oty, ..., &) /Fis finite if «y, ..., ay are algebraic over F.
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Proof. Construct a tower

F(‘X]/"'/(Xk) = (F(oc1,...,ock,1))(ock)

each extension is finite, since it is a simple extension with an algebraic generator. O
Remark 6.9. This gives us a way to explicitly get information about [F(«q,..., «x) : Fl. For
example, if k = 2, then

[Flocr, o2) - Fl = [Floey, o2) - Flxq )] [F(oxq) : Fl = degp o, ) (x2) - degp ().
The first term may be challenging to compute, but we have that
degr (o, (x2) < degp(xz),

since the minimal polynomial in F(«1) of o, certainly has < degree to the minimal polynomial
in F of &y. So
[Floer, 02) : F] < degp (o) - degp(oxq).

It’s clear how to extend this to show

K
[Floeg, v 000t FI < Hdegp((XJ

i=1

Definition 6.2

E/Fis an algebraic extension if every « € E is algebraic over F. E/F is a transcendental
extension if there exists a transcendental element « € E over F.

Proposition 6.10
1. Finite extensions are algebraic.

2. Flxq,...,0x)/F finite implies a7, ..., i are algebraic.

Fact 6.11. E/Fis finite <= E/F is algebraic and finitely generated.!

3. LetS C Ebeasubset whereall « € S are algebraic over F. Then F(S)/F is algebraic.
4. If K/E is algebraic and E/F is algebraic, then K/F is algebraic.

IRecall finitely generated means F(s1, ..., s¢) = E, which may create a much larger field than the vector space
generated by s1,...,s¢ over F
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Proof of (4). We have another explicit construction. Let «« € K. Then it satisfies a
polynomial equation in E

oM+ an_ 1™ T+ 4 ap=0.
The extension F(ag, ..., an_1)/Fis finite, and F(x, ag,..., an—1)/Flag,...,an—_1) is fi-

nite (we wrote a finite polynomial with « as a root above), so F(e, ag,...,an_1)/Fis
finite and « is algebraic. O

April 4, 2025

Example 6.5 (Q(+/2,1)) — The number « = v/2+1 € Q(+/2,1), soitis algebraic. Suppose
we want to know degQ(oc). The tower

Q(V2,1)

/\
\/

implies that [Q(+/2,1) : Q] = 6 (alternatively, i ¢ Q(+/2), so [Q(v/2,1) : Q(v/2)] = 2).
This gives us an explicit basis for Q( v2,1)/0Q:

{1.V2,¥2,1,i¥2,1¥/4}.
Now checking the degree of o is the same as writing powers of «: {1, «, ..., a° } in terms

of the basis above and “waiting for linear dependence.” A direct computation verifies
that its degree is 6.

6.4. Algebraic closure

Given E D F, let K :={«x € E : «is algebraic/F}. Then K is a field called the algebraic closure
of Fin E, denoted F¢. K is a the largest subfield of E that is algebraic over F.

This construction is a “relative algebraic closure” (to E). Our goal now is to construct an
“absolute algebraic closure.”

Proposition 6.12
Let F be a field. The following are equivalent:

1. Every non-constant polynomial p(x) € F[x] — F has a root in F.

1". p(x) € F[x] — F splits completely in F. Thatis, p(x) =c(x —a1) -+ - (x — ).
2. p(x) isirreducible < p(x) is linear.
3. If E/Fis finite, E = F.

3’. If E/Fis algebraic, E = F.

3”. If E O F, o € E algebraic /F, then « € F.
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Proof (sketch). ((1) & (1)) ( & ) is clear. ( = ) is by polynomial long division.
(1") and (2) are clearly equivalent.

((3) = (3)) is immediate. !

(3) = (3”)) F(«)/F is finite, therefore F(x) = F,so & € F.

(3") = 3))

(3) = (2)) If p(x) is irreducible, then [F[x]/(p) : F] < oo O

IStudent question: Shouldn't it be the other way, since finite = algebraic? Answer: We're showing that,
givenA = B, (B = C) = (A = (). So it’s something like a contravariant functor...

Definition 6.3

F is called algebraically closed if any of the properties in Proposition 6.12 hold.
E D Fisan algebraic closure of Fif E/F is algebraic and E is algebraically closed (we
think of E as a maximal algebraic extension of F).

Proposition 6.13
E if an algebraic closure of F <= E/F is algebraic and all p(x) € F[x] — F split in E.!

I This is an “easier” thing to prove. The definition above asks us to show all polynomials in E[x] — E split
completely.

Proof. ( = ) Obvious (see footnote). ( &= ) Let x € K 2O E D F be algebraic over E.
Since E/F is algebraic, « is algebraic over F, so m r splits completely in E,so x € E. [

Remark 6.14.

¢ This proposition actually holds if we replace “all p(x) € F[x] — F split” with “all p(x) €
F[x] — F have a root,” but proving this fact is harder.

* We will later prove that (1) any field has an algebraic closure and (2) any two algebraic
closures of T are isomorphic. Therefore, we will write I as the algebraic closure of F.

e In particular, F = F means F is algebraically closed.

Example 6.6 — By the fundamental theorem of algebra, C = C. Embarassingly, the proof
of the fundamental theorem of algebra doesn’t purely use algebra, and need to divert to
analysis. But we should expect that because R is constructed with analytical techniques.
Since C/RR is finite, R = C as well.

Example 6.7 — C # Q, but since C O Q, we can actually just take the relative algebraic
closure to get L
Q = Q¢ ={x € C: xalgebraic /Q}.

6.5. Morphisms of extension

April 7,2025 Let F(«)/F be a simple extension. Suppose E/F is some other extension. To describe a mor-
phism of extensions @: F(a) — E, we want F to be fixed. In other words, with the natural
structure maps F — F(«), F — E, a morphism of extensions is an F-algebra homomorphism
F(a) — E.
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e Case 1: « is algebraic. Let F(a) = F[x]/(m), where m(x) = myr(x). Then ¢ is deter-
mined by the image of «. Call it 3. Then 3 must satisfy m() = 0 (i.e., mg r(x) = m(x)).
Categorical interpretation: Homp (F(x),E) ={f € E: m(p) =0}

e Case 2: « is transcendental. It’s easy to show that ¢ () must also be transcendental (one
way: @ is injective).

Categorical interpretation: Homp (F(a), E) = { € E : § is transcendental / F}.

Example 6.8 — Consider a morphism of extensions/Q from Q( ¥/2) — C. Then ¥/2 can
map to 31, B2, 3, where By = e27%1/3 3/7 are the roots of x> —2in C.

More generally, suppose F(«)/F is algebraic and E is some field. For any ¢o: F — E, there
exists a bijection

{@:Fla) = E: 9| =90} «— {p € E:m(B) =0},

where m € E[x] is the image of my r € Flx] under ¢g.

6.6. Splitting fields
Motivation. We want to add all the roots of a certain polynomial to a field.
Definition 6.4
E/F is a splitting field of p(x)€ F[x] if
1. p(x) splits completely in E.

2. E/F is generated by p’s roots. Thatis, E = F(ay,..., ®m), where p(x) = (x —
®7) - (x—om) € EIX].

Proposition 6.15 (Existence)

For any p(x) € F[x], a splitting field E/F of p exists. Moreover, [E : F] < m!, where
deg(p) =m.

Proof. Choose an irreducible m;(x) | p(x) and let By := F[x]/(my). Then E; = F(ot7)
and p(a) = 0. Repeat the previous construction with p,(x), where p(x) = (x — a1 )p2(x)
tocreate E; = E1(ap) = Eq1[x]/(my), where pa(a2) =0, my(x) | p2(x) is irreducible over
Eq.

By construction, [Ej 1 : Ej] <m —j (where Eg =F) for0 <j <m-—1. O

Proposition 6.16
LetE, E be two splitting fields/F of p(x) € F[x]. Then there are isomorphic/F.

Proof. Recall that E = F(x,..., am), so it belongs to a tower adjoining roots.

* On F(ay), find roots of my, r(x) | p(x) in E. p(x) splits in E, and so does My, F-

Find B3, € E such that My, F(B1) = 0. This gives an isomorphism @1: F(a7) —
F(B1).
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* Letmgy, F(«,) € Fla1)x] and apply ¢@;:
©1(Ma, Flog))M2 € F(B1) X
Then m;(x) | p(x), which splits in E. Therefore, we get an isomorphism
©2: Flag, a2) = F(B1,B2)-
* Repeat this process. O

We also proved that if E/F is generated by roots of p(x) which splits in E/F, there exists a

morphism of extensions of F

¢o:E—E

Definition 6.5
Let S C F[x] — F be a family of polynomials. E/F is a splitting field of S if

1. Every p € S splits completely/E.
2. E/Fis generated by the roots of all p € S.

Example 6.9 —
1. If S = {p}, then E is the splitting field of p.

2. If S={p1,...,pn}, then E is the splitting field of p1,...,pn.
3. (The most important) If S = F[x] —F, then E = F.

Theorem 6.17

For any F, S, a splitting field E/F of S exists. If E/F and E/F are splitting fields of S, then
they are isomorphic extensions.

Corollary 6.18

F exists and is unique up to isomorphic extensions.

Proof of Theorem 6.17. Uniqueness. Consider the following poset:

{(K, @):FCKCEisafield, ¢: K — Ea homomorphism/F} ,
where the partial order < is given by
(K1, 01) 2 (K2, 92) & K2 2Ky, 2]y, = o1.
Let (K&, @« )« be a chain. Define K = |J, K« (this is a subfield of E) and ¢: K — E,
where @(x) = @«(x) if x € Ky. Therefore, by Zorn’s lemma, there exists a maximal

(K, @). We claim this is E. To prove this, we show by contradiction that (X, ¢) can be
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extended, making it not maximal. Let K C E, so there exists p € S and « € E — K with
p(x) = 0. We have that my k (x) | p(x) in K[x]. There is a natural map ¢: K{x] = ¢(K)[x],
so @(mgy k) € @(K)[x] is a polynomial that divides p(x), which splits in E, so there exists
B € E with @(my x)(B) = 0. This defines a morphism @: K(x) — ¢(K)(p) that extends
@. Therefore, (K, @) < (K(«), @), which is a contradiction.

Since E and E are generated by all roots of p € S, ¢ defined on E induces an isomor-
phism.

Existence. Set QO O F and consider extensions K C Q. Consider the poset

{(K,+, ) : Kis an extension of F generated by some roots of p(x) € F[x]},
where the partial order < is given by
(Ky,4+1,1) 2 (Kg,4+2,2) & Kj is a subfield of K,.

Similar to the uniqueness proof, Zorn’s lemma implies there exists a maximal element
(K,+,-). We claim (X, +,-) is a splitting field. Suppose not. Then some p(x) € F[x]
does not split completely in K. Then there exists an irreducible, degree > 2 polynomial
P(x) € K[x] that divides p(x). But then

(K[X]/(ﬁ)/+/) >~ (Kr+/')r

contradiction. We still need to show that K[x]/(p) — Q. It suffices to choose Q with
cardinality
Q| > |F[x] x Z|.

Let O =K. O

Example 6.10 — We know that C D Q because there are countably many algebraic

numbers. Choose some «; € C — Q. Further there exists a; € C —Q(o). This process
can be continued infinitely by the axiom of choice to give a subfield

Q(xq,02,...,0tn,...) € C.

But it can be shown this field is isomorphic to Q(«;, ..., &n,...). This induces an iso-
morphism from C to a subfield of itself. This is completely non-constructive because we
applied the axiom of choice.

6.7. Separability

-

April 11,2025 Let E/F be a finite extension, i.e.,, E = (o, ..., ax) where «; is algebraic/F. Suppose K/F
any extension. Consider the set Homp (E, K) of morphisms of F-extensions.

S

Example 6.11 (Homg(Q(v/2,v/3),C)) — Suppose we want a morphism of Q-extensions

from Q(v/2, \@) to C. We first describe where the map ¢ sends V2. There are two
options, corresponding to the two roots of m. /5 ¢ (x):

V2 V2, V2o V2

81



6.7 Separability Pramana

Notice that we have constructed morphisms
Q(v2)»Q(vV2)CC, Q(V2)—-Q(-V2)=Q(v2cC.

Now we decide where to send v/3 given either of the maps Q(v2) — C. We have
M 30(v2) = x2 — 3 [Exercise], so ¢ (v/3)2 —3 = 0, hence ¢(+/3) is a root of ™ 3 0(v2) (x).
Again, there are two options:

V3 V3, V3 -3

This gives us a map Q(v/2,v/3) — C. In the process, notice that at most 4 maps are
formed.

The maps were constructed iteratively through a tower of simple extensions (orange
first, then red).

QW2 V3) — Q2,3

Q(v2) Q(v2)

Q Q

id

Remark 6.19. Two things in this construction don’t happen in general:

e Q(v2) = Q(—V/2). That s, adjoining a root single root may result in a different field,
depending on the root. Consider Hom(Q( v2),Q).

® Theirreducible polynomial of v/3/Q s irreducible over Q(v/2). Consider Hom(Q(v/2, v/8),C)
(notice that (V/8)% = 2v/2, 50 Q(V/8) 2 Q(V/2)).

A similar process as described in the example works for Homg (E, K). The number of choices
at step i will be at most mq, r(«;,...,a; ;)- Therefore, we have

Proposition 6.20

k
#Home(E,K) < [ [ deg(may F oy, 1)

,4
Il
=

This inequality is strict if at least one of the polynomials m . r(«,
than its degree. This happens in two cases:

._,) has fewer roots
reeerXi

e Casel: My, Fu,,...,a; ;) does not split completely in K. In this case, K was too small!
To resolve this, let K contain the splitting field of m, r for all i (this works because

Mo, Floeq, 1) (x) | mociF(X))- Eg. letK = F.

e Case2: My, F(«;,...,«, ;) has multiple roots. This issue is harder to resolve...
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Definition 6.6

Let p(x) € F[x] be a nonzero polynomial. We say p is separable if all of its roots are
simple (have multiplicity 1) in some extension where p splits completely.

Lemma 6.21
o is a multiple root of p <= p(a) =p’(x) =0.

Remark 6.22. We are using a formal derivative %: Fx] — F[x], where is defined purely
algebraically. It's a F-linear map that satisfies the Leibniz rule: (p(x)q(x))’ = p’(x)q(x) +
p(x)q’(x). In fact, any F-linear map F[x] — F[x] satisfying the Leibniz rule is called a derivation.

Corollary 6.23
p(x) is separable <= ged(p(x),p’(x)) =1.

Remark 6.24. To prove this, first note that if f, g € F[x] and E/F is an extension, then ged(f, g)
is equal over both polynomial rings. Therefore, if f, g are coprime over F, they are coprime
over E. Since F[x] is a PID, there exist polynomials «, 3 with «f 4+ f3g = 1.

6.7.1. Perfect fields

Notice that an irreducible polynomial f(x) is separable <= f(x) { f'(x) < f’(x)
This does not imply that f(x) is a constant. For example, if F has characteristic p, then (xP)’
pxP~! = 0. This actually characterizes the polynomials with derivative zero: f'(x) = 0
f(x) € F[xP].

Therefore, if char(F) = 0, then all irreducible polynomials are separable.

Definition 6.7
A field F is perfect if either
1. char(F) =0,
2. char(F) =pand FP ={xP :x € F} =F.

Remark 6.25. (2) is an important condition because in characteristic p, (x +y)P = xP +yP.
Therefore, we can reduce any polynomial in F[xP] as follows:

QP 4 an® +ag = (@/Px 4 Pxb e PP,

provided that ag /P exists. This is precisely the condition for a perfect field. Therefore, we
avoid the issues above in characteristic p given that the field is perfect.

Proposition 6.26
If F is a perfect field, then every irreducible polynomial is separable.
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Definition 6.8
Let o be algebraic/F. We say that « is separable if m p(x) is separable.

Corollary 6.27
If F is perfect, then « algebraic = « separable.

Remark 6.28. Conversely, if F is not perfect, there exists a € F—FP. A problem on the home-
work is to show that xP — a is irreducible.

Non-Example 6.1 (Imperfect fields) — Let’s try to find an imperfect field.
1. char(F) = 0 implies perfect, so we need to assume positive characteristic.
2. IF, = Z/p is perfect by Fermat’s little theorem.

3. On the homework we showed that a finite (and algebraic) extension of a perfect
field is perfect, so IFpn is perfect as well.

4. Therefore, we must add a transcendental element. Consider F(t). The element
t is not the pth power of some rational function. By the previous remark, the
polynomial xP —t € (IFp,(t))[x] is irreducible, but has formal derivative 0, so it is
inseparable.

6.7.2. Separable extensions

Theorem 6.29

Let E = F(«q,...,0q)/F be a finite extension. Let K/F be an extension such that m, r
split/K. The following a equivalent:

1. #(Homg(E,K)) = [E : F].
2. Mo B Mo Flog)r -+ s Moy Fag .. 0 ) A€ S€parable.

3. All « € E are separable/F.

Proof. ((1) & (2)) is given by counting maps from looking at the tower

Floer, ..., o)

(we did this computation already).
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(1) = (3)) Consider E(x, ay,..., 0 ). We construct a map E — K by first consider-
ing a map F(a) — K, then extending it further to a map E — K.

(3) = (2)) If my, F is separable, then My F(«;,...,a; ;) | May,F 18 also separable (all
roots are simple). O

Definition 6.9

An extension E/F is separable if it satisfies any of the above conditions (6.29).

Remark 6.30. Let F have characteristic p. Let E/F be algebraic (or finite). The separable
closure, E°°P = {oc € E :  separable/F} is a subfield of E, which is the maximal separable
subextension of F.

A homework problem is that m r(x) can be expressed in the form g(xpk) for some k > 0,
and g is irreducible and separable/F. In other words, E/E®®P has the following property: for

all « € E, there exists k > 0 such that aP“ € ES°P. Another way to say this is that E/E*P is
purely inseparable.
Notice that this remark is only interesting for imperfect fields.

6.7.3. Normal extensions and the start of Galois theory

Theorem 6.31

Let E = F(xq,...,00.)/F be a finite extension. Let K/F be an extension such that m, r
split/K. Embed E — K. The following are equivalent:

1. my, Fsplitin E.
2. For any ¢: E — K (such that @[ =idf), ¢(E) C E.

3. For any o € E, my F splits/E.

This is another homework problem, with some simplifying assumptions (e.g., K = F).

Remark 6.32. The above statements are equivalent to E/F being the splitting field of some
polynomial q(x) € F[x].

Definition 6.10
We say an extension E/F is normal if it satisfies any of the above conditions (6.31), (6.32).

Definition 6.11

A finite (or algebraic) extension E/F is Galois if it is normal and separable.

Remark 6.33. If F is perfect, a finite (or algebraic) extension E/F is Galois = it is normal.
The most important case for the rest of the course is F = Q.
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Theorem 6.34

For a finite extension E/F, the following are equivalent:
1. E/Fis Galois.
2. #Hom¢(E, E) = #Autp(E) = [E: Fl.

3. E/Fis a splitting field of a separable polynomial q(x) € F[x].

Galois theory is the study of Galois extensions, which is what we will study for the rest of
the course. The idea with the definition of a Galois extension is that

® Separability gives us that #(Homr(E, K)) is as big as possible.
¢ Normality gives us that ¢ € Homg(E, K) is actually an automorphism, so we can form
a group of automorphisms of E/F.
6.8. Galois correspondence

The group of automorphisms of a Galois extension is so important that it gets its own name.

Definition 6.12
April 16, 2025 The Galois group of E/F is defined as Gal(E/F) == Autg(E) when E/F is Galois.

Here’s the big theorem:

Theorem 6.35 (Fundamental theorem of Galois theory)

Let E/F be a finite Galois extension. There is a bijection between the intermediate fields
K and the subgroups of the Galois group Gal(E/F), where we send intermediate fields K
to the Galois group of E over K, and send subgroups to the fixed field by that subgroup:

intermediate fields K . subgroups
EDKDF H < Gal(E/F)
K —  Gal(E/K) ={o € Gal(E/F) : ol =idx}
EM={a€E:H -a=«a} i H

The correspondence is inclusion-reversing (that is, larger intermediate fields correspond
to smaller subgroups).

Example 6.12 (Q(v/2,1)/Q) — The field E = Q(+/2,1) is the splitting field of the polyno-
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mial (x2 —2)(x2 + 1), so E/Q is Galois. Consider the tower

Q(v2,i)

Q(v2)

Q
Since m Vel Q(x) =xZ-2, ™ 0(v2) (x) = x2 + 1, the extension has degree 4. Therefore,

#Gal(E/Q) =[E: Q] =4.
The automorphisms of E/Q are as follows:

Automorphism ‘ V2 ‘ i
id V2 | i
01 —\ﬁ i
() \ﬁ —1
03 —ﬁ —i

Now consider Gal(E/Q(v/2)). It has two elements: id, o5, and it naturally is a sub-
group of Gal(E/Q). Similarly, Gal(E/Q(i)) = {id, o1}. We are missing the subgroup
{id, 03}. To figure out what intermediate field this corresponds to, write out an element
of Q(v2,i) as a+bv2+ci+div2, a,b,c,d € Q. Then

id(a+bV2+ci+dv2i) = a+bV2+ci+div2
o3(a+bV2+ci+dv2i) =a—bV2—ci+div2.

It follows that the fixed subfield is Q(iv/2), so Gal(E/Q(iv2)) = {id, 03}. In summary,
we’ve constructed a correspondence

Q(v2,1) {id}

PN P

) Q(1) Q(iv2) {id, o2} {id, o1} {id, o3}
Q

{ld/ 01,02, 03}

Q(v2

Example 6.13 (Non-Galois extension) — Consider Q( ¥/2)/Q. This is not a Galois exten-
sion, but we can consider the Galois extension E = Q(«7, a2, ¢3)/Q, where o = \3/2(%
are roots of x> — 2.

Any ¢ € Gal(E/Q) permutes the roots «1, xz, x3, so Gal(E/Q) = S3. Since ¢ €
Gal(E/Q(+/2)) fixes v/2, the only possible maps are o1 — o, 0ty — ap, and o1 — xy,
oy +— op. Similar calculations give us Gal(E/Q(«1)), Gal(E/Q(x3)).

But there’s one more subgroup of S3 we haven’t covered: Az. One can realize (with

some cleverness) that (3 = 7]% V=3 The corresponding intermediate field turns out to
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| be Q(v/=3).

April 18, 2025 Proof of Theorem 6.35. Let G = Gal(E/K). The following are easy to show:

1. E/K s Galois, {0 € G : ol = idy} = Gal(E/K), so #Gal(E/K) = [E: K] = [

2. Order-reversing: K; C K, implies Gal(E/K;7) 2 Gal(E/K;) (an automorphism
fixing K, certainly fixes K1), and H; < H; implies EM D EM2 (this is a basic fact
about fixed points a group action).

3. K C EGal(E/K) and H C Gal(E/EM) are clear.

We want to show that the inclusions in (3) are equality. We'll use a counting argument.
For the first equality,

1. ForallH < G, [E: EM] = #Gal(E/EM) > #H.

2. Forall K D F, [E : EG(E/K)] > #Gal(E/K) = [E : K]. But since EGa(E/K) 5 g,
K = EGal(E/K) 55 desired.

The other equality is more challenging. We use (and prove!) the following theo-
rem.

Theorem 6.36 (Artin's theorem)
Let E be any field, and let H < Aut(E) be a finite subgroup. Let F = EH. Then

[E: Fl <#H.
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Proof. Since we are concerned with the degree, this argument is linear-algebra-
flavored. Let H ={04,...,0m}. Let &1,..., an € E be linearly independent over F.
We claim n < m. Consider the system of linear equations

o1(x1)x1 +---+0o1(an)xn =0,
o2(ax1)x1 + -+ 0o2(an)xn =0,

om(x1)xg + -+ omlan)xn =0,

where (x1,...,xn) € E™. We claim the only solution is the trivial xy = - - - =xp =0
(which implies m > n). Suppose (x1,...,%xn) # 0 is a solution. WLOG, x; # 0.
Since the system is homogeneous, we may divide by x1 to get x; = 1. Notice that
id € H, so let 01 = id. Then we get

®1xX] + -+ onxn = 0.

But since a1, ..., an are independent/F, one of the x;’s, say, x, is not in F, i.e,,
oi(x2) # x; for some i. For 05 € H, we have

0=oi(oj(o)x1 + -+ -+ 0j(an)xn)
= (0300j)(1) - oi(x1) + - -+ (03 0 05)(an) - 04 (xn ).

It follows that (o;(x1),...,0i(xn)) = (1,...,0i(xn)) is also a solution (since (o; o
0j)j is just a permutation of (oj);). But subtracting from the original solution
(X1,...,xn), we get (0,0i(x2) —x2,...,0i(xn) —xn) is also a solution.

We prove that the only solution is trivial by a “descent” argument. Suppose
(x1,...,%n) € E™ is a nonzero solution with the largest number of nonzero entries.
If n — 1 entries are nonzero, then all entries are zero because E is a field. Otherwise,

the above procedure creates a solution at least one more zero and a nonzero term,
yielding a contradiction. u

Since [E : EM] < #H and H C Gal(E/EM), we have H = Gal(E/EH). O

Remark 6.37. The proof of Artin’s theorem (6.36) seems somewhat magical. However, it’s
well-motivated. Let {«1, ..., an} be a basis for E/F. Consider the extension of scalars E @ E.
The elements look like oty @ X7 + - - - + an ® xq, for x; € E. Define a map

E®f E — EAUtF(E)

n
X X1+ + oty @xXn = ijoi(ocj)
j=1 oi€Autg (E)
Then Artin’s theorem says that this map is injective (n = dimg (E ®¢ E) < dim(E™) = m).
Example 6.14 — If E/Fis a finite Galois extension with [E : F] = #Gal(E/F) = n, then the

above map is

E®QFE—EM
a®x = (o7(e) - %x,...,0n(x)-x).

Since the dimensions are equal, this map is bijective.
On the homework, we showed that C ®g C = C x C. Notice that this is a special case

89



April 21,2025

6.8 Galois correspondence Pramana

I of the above statement, because C /R is a degree 2 Galois extension.

Exercise 6.1. Prove that C g C = C x C as R-algebras, by describing a map.

Remark 6.38. Artin’s theorem shows that if F = EH is the field fixed by H < Autg(E), then
[E : F] < #H. But combining the facts

H C Autg(E), #Autp(E) < [E:F],
we get that
H = Autf(E) & [E:F =#H & E/Fis Galois.

This gives an easier way to show a field extension is Galois.

An easy consequence of the correspondence (6.35): if Ki,K; C E are two intermediate
fields, then K; N K, and KK are also intermediate fields, which correspond to (H;, H;) and
Hj N Hy, respectively.

Example 6.15 (Cyclotomic extension) — Let { = e% and consider the extension Q(¢)/Q.
Since ( is the splitting field of x'” — 1 (which actually factorsas (x —1)(x'® +- - - +x+1)),
the extension is Galois.

Fact 6.39. O, (x) = xp:]1 € Qlx] is irreducible.

X

(x+1)P—1 . 0

Proof (sketch). Do the Eisenstein criterion on @ (x +1) = =

Remark 6.40. In fact, foranyn > 1,

D (x) = oo xr=1 € ZK]
T dem g, x4 -1
d<n

is irreducible over Q.

Therefore, [Q(C) : Q] = 16. Every 0 € Gal(Q({)/Q) is determined by where it sends
C. ¢ can only be mapped to (Kfor1 < k< 16. Looking at how composition works, it’s
not hard to prove an isomorphism

Gal(Q(0)/Q) = (Z/17)*~.
Since 17 is prime, (Z/17)* = Z/16. We know the subgroup lattice of Z /16 well:

{e}

87./16

4Z./16

27Z./16

Z/16
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so we have a corresponding tower of fields

where each extension is quadratic (i.e., degree 2). Computing E3 is done by noting that
87./16 corresponds to the two element subgroup {id, o} < Gal(Q(¢)/Q), where o is
complex conjugation. Therefore,

2mi —1
Es=RNQ(e>)=Q (CJFZC ) ~Q (cos(??))

(showing the second equality may take some work).

Fact 6.41. Any quadratic extension E/F is of the form F(y/a) for some a € F (assuming
that char(F) # 2).

As a corollary, cos (%‘) can be written with the operations +,—, -, /, y/ on Q, since

all extensions are quadratic.

Exercise 6.2 (Challenging). Find this expression.

Remark 6.42. In general, Gal(Q(e% )/Q) = (Z/n)* by a similar argument.
If F is an arbitrary field, and we let E be the splitting field of x™ — 1, then

Gal(E/F) C (Z/n)*,

provided that char(F) { n.

6.8.1. Constructible numbers

x> 0is if a segment of length « can be constructed using a ruler and compass,
starting from a unit length. Algebraically, o is constructible if there exists a formula for it in
terms of the operations +, —, -, /, ,/on Q.

As a corollary of the last example, a regular 17-gon is constructible.

Fact 6.43 (By MATH 741...). Let E/Q be a finite Galois extension. If [E : Q] = 2%, then
Gal(E/Q) is a 2-group (it’s order is a power of 2). By MATH 741 Corollary 2.13, we get a

chain of groups
Gal(E/Q) 2 Hy 2 Hy 2 -+ 2 Hy ={e},

where #H; = 2¥~1 (i.e., we halve the subgroup size at each step).
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By Galois theory, this corresponds to a tower

E=EFMx
d
EHx—1

4

d

gt
d
Q

of quadratic extensions. Then every « € E is “constructible” (we now allow « to be complex).

Corollary 6.44

If E/Q is not an extension of degree 2K for some k, then there does not exist a tower of

quadratic extensions
Ek2---E2D2E1 20,

where E C Ey.

Example 6.16 — A regular n-gon is constructible < (Z/nZ)* is a 2-group
@(n) is a power of 2.

Example 6.17 — Suppose degg (o) = 2¥ for some algebraic «. This condition is necessary,

but not sufficient for o« to be constructible, since Q(x)/Q (a degree 2k extension) may not
be Galois. Let ;, ..., an, be the other roots of mq «(x). If

[Q(O(/ (le' °oyg (XTL) : Q]

is not a power of 2, then « is not constructible (the proof idea is as follows: suppose there
isatowerQ C E; C ---Ex_1 € Ex € O(x,x2,...,0n). Then there exists an auto-
morphism of Q(«, &, ..., ®n) switching & and any other «;. We can show the degree of
each extension in the tower is still the same, so all &; are constructible, contradicting the
extension not being a power of 2).

6.8.2. Conjugates

Definition 6.13
April 23,2025 Let o, B € E/F be algebraic. We say that « and (3 are conjugate/F if my r = mg r (&=
there exists an isomorphism of F-extensions F(a«) — F(B)).
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Proposition 6.45

If E/F is Galois with G = Gal(E/F), then o, 3 € E are conjugate & f € G-« =
{o(x): 0 € G}.

Proof. ( = ) Extend the F-map F(«) — F(B) to a map E — E, which is possible pre-
cisely because E/F is Galois.
( &) This is true even if E /F is not Galois. O

Moreover, since o is separable/F (because E/F is Galois), mq r(x) = [[scg(x — o(e)). In
other words, degp(«) = |G - o]

Example 6.18 — Let x = v2+1 € Q(v/2,1)/Q. Then its conjugates are {iﬁii}, SO
degq(«) =4, and the minimal polynomial is [ J(x & V2 1)

6.8.3. Normal extensions and normal subgroups
If E/F is Galois and K is an intermediate field, then we know E /K is Galois:
G =Gal(E/F) > H= {0: 0|, =idx} = Gal(E/K).

When is K/F Galois? We know that the extension is automatically separable, so it suffices
to check then K/F is normal. This happens = for all @ € K, all conjugates are in K, i.e.,
G-K C K. For all o € G, o(K) is another intermediate field, so we want to check when
o(K) = K. By Galois theory, we have a correspondence

Ko H={t:1| =idk},
oK) e+ H' = {27 ) =i } -
So

o '"toeH & foralla € K, 1o 0(x) = o(x)
& foralla €K, 0 'otoo(a) = a.

So H = 6~ 'H’c. Hence, normal extensions coincide with normal subgroups.

Proposition 6.46

Let E/F be a finite Galois extension and K an intermediate field. Let G = Gal(E/F),
H = Gal(E/K). Then

1. Kis a Galois extension of F <= H is a normal subgroup of G.

2. If (1) holds, then Gal(K/F) = G/H.

Proof. (1) was proved above.
(2) Forall o € G, ol : K — K, so we have a map

G — Gal(K/F)

0 0y

The kernel of this map is H by definition. This map is surjective either by a counting
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argument or by extending automorphisms. O

Example 6.19 — Let E be the splitting field of x'” — 2 over Q. In other words,
E = Q( 1\7/5/ 1\7/£C/ ceey 1\7/§C]6)/
where ( = e%. Let « = /2. We can consider E in the tower

Q(e, ¢)

Q(d)

Q

We already know that Gal(Q(¢)/Q) = (Z/17)*. We can now consider Autg¢)(Q(, 0)).
The automorphisms are given by
o — o™

for 0 < m < 16, which identifies group of automorphisms with Z/17.
Exercise 6.3. Show that degQ(C)(oc) =17.

So Q(e, €)/Q(C) is Galois. If we let G = Gal(Q(«, ()/Q), then we have some facts:
G>H=2Z/17, G/H=(Z2/17)".
In fact, with some effort, we get that
G=Z/17x(Z/17)*.
A more enlightening way to describe this group is as linear automorphisms of Z/17:
{£:217 - Z/17:x » kx+m:k € (Z/17)*,m € Z/17},

from which the isomorphism becomes more clear.
Question. What is the meaning of G being a semidirect product?

Exercise 6.4. Let F be a field with char(F) { n. Then a primitive nth root of unity exists.

Here’s the generalization.
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Proposition 6.47

Let F be any field and a € F—{0}. Let E be the splitting field of f(x) = x™ — a over F,
assuming char(F) { n so that f is separable. Let « be a root of f and let ¢ be a primitive
nth root of unity. Then

e Gal(F(¢)/F) < (Z/n)%,
e Gal(F(x,0Q)/F(Q)) < Z/n,
and so

e Gal(F(«, 0),F) <Z/nx(Z/n)*.

6.9. Solvability

April 25,2025 Recall the following from MATH 741:
Definition 6.14
Let G be a finite group. G is solvable if G > Gy > G, > .- I Gy = {e} such that
Gi/Gjy1 is abelain for all i. In other words, G is successively constructed from abelian

groups.

Fact 6.48. G is solvable < H is solvable and G/H is solvable.

Example 6.20 — Let F be a field, a € F, and n € IN such that char(F) t n. Let E be the
splitting field of x™ — a. Then Gal(E/F) is solvable.

On the field theoretic side:

Definition 6.15
Let E/F be a finite field extension. E/F is solvable if we have a tower
ECK=Kn
K2
K1
F

such that each K; /K;_ is a splitting field of xk —aforsomekand a € Ki_; (dependent
on i) (and char(F) 1 k).

In other words, we want every element of E to be expressed using +, —, /, -, and /™ (possibly

nested).
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Corollary 6.49
If E/F is solvable, then Gal(E /F) is solvable.

Proof (sketch). Gal(E/F) is a quotient of Gal(K/F), which is an extension of
Gal(Ki /Ki,] )’S. O

Exercise 6.5. Suppose E/F is a Galois extension of prime degree p, and o: E — E is a non-
trivial element of its Galois group. Suppose that o is diagonalizable (that is, there exists a
basis of E as a vector space over F such that o is diagonal in this basis). Show that E is the
splitting field of a polynomial xP — a for some a € F.

Proposition 6.50
Conversely, if Gal(E/F) is solvable, then E/F is solvable (assuming char(F) 1 [E : F]).

Proof (sketch).

1. Replace F with F((), where C is a primitive nth root of unity where n = [E : F].

E(0)

.
E F(Q)
-

Since Gal(E/F) is solvable and Gal(E(()/E) is abelian, Gal(E({)/F) is solvable.
This implies Gal(E(¢)/F()) is solvable. Therefore, it suffices to show E(C)/F(C) is
solvable.

2. By induction, we may assume Gal(E/F) = Z/ q for some prime q.
3. We claim the following:

Claim 6.1. E = F( {/a) for some a € E.

To prove this claim, let 0 € Gal(E/F) generate the Galois group. Since 09 = idg,
and o may be viewed as an F-linear map from E — E, o is diagonalizable. By
Exercise 6.5, E is a splitting field of some x9 —a € F[x]. O

6.9.1. Solvability of algebraic equations

Let Fbe a field, and f € F[x] be separable. Let E be the splitting field of f over F. For simplicity,

we will define
G¢ = Gal(E/F).

We just proved that E/F is solvable <= Gy is solvable. Suppose f(x) = (x —ot1) - - - (x — tn ).
Since automorphisms of G¢ is uniquely determined by the image of each o;, which is some
element in {1, ..., an}, there is an inclusion

Gf “— Sn.
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Gy acts transitively on S, <= fis irreducible.

f (that is, E/F) is solvable <= Gy is solvable. It now seems more realistic that some
quintics (and above) will be not solvable, since S5, Sg, . .. are not solvable (because A < Sy,
and A, is simple for n > 5). We’ll show that there are actually polynomials f with G¢ = Ss.

Example 6.21 — We'll construct an f € Q[x] with G¢ = Ss.

Lemma 6.51

If G < Sy such that (1) G acts transitively on {1, ...,n}(2) G contains a transposition,
then G = Sy, !

Lecture correction: this only holds if n is prime. In general, instead of G acting transitively, you need
G to be a primitive permutation group.

Therefore, we need f to be irreducible (e.g. by Eisenstein), and have 3 real roots, and 2
complex roots, so the complex conjugation automorphism transposes the two complex
roots. Now look up what polynomials work.

6.9.2. General formula for roots
April 28,2025 Consider a “general polynomial:”

1

X"+ an X"+ ao,

where ay, ..., an_1 are variables, so we view it as a polynomial in F(ag, ..., an_1). Ifx1,...,xn
are the roots of this polynomial, then (x —x1) - - - (x —xn ) expands to x™ + an_1 x4 ag.
Therefore, the extension F(ag,...,an—1,%1,...,%xn)/F(ag,..., an—_1) satisfies
F(GO/H-/anf]/X]/u-/Xn) = F(X]/"'/Xn)‘
On the other hand, we can view F(ag,...,an—1) € F(x1,...,xn) as the field
F(O-]/ cecy GT‘L)/

where o; are the elementary symmetric polynomials:

01 =X1+:--+Xn
2

62:X%+x1x2+~--+xn
On =X1 " Xn,

which follows by expanding (x —x1) - - - (x —xn ). Consider the actions of Sy, on F(x1,...,%xn)
by permuting the elements x; accordingly. By the theory of symmetric functions, the fixed
elements of F(x1,...,xn) under the symmetric group Sy, are precisely aop, ..., an_1:

F(X1/' . '/XTI.)Sn = F(an—]/ ey aO)‘
By Artin’s theorem (6.36),
Sn = Gal(F(x1,...,xn)/Flag,...,an—1)).

This also suggests to us that finding a general formula for the x;’s would mean dealing with
an extension with Galois group Sn,.
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6.10. Finite fields
We deduce what finite fields could exist: let F be a field with #F < oco.
* Then char(F) =p,soF O F,.
e [F:Fp] < oo, so the order of F must be a prime power: #F = plFFrl = q.

e From group theory, [F*| = q — 1, which implies (from Fermat’s little theorem), for all
e P, ad- 1T =1. Equivalently, all & € F are roots of x9 —x.

Therefore, F, defined as the splitting field of x4 —x over IF},, is unique (up to isomorphism).
Conversely, given g = p", take IF, C IFp,.
Claim 6.2. Theset{x: a9 = o} C E is a field of size q.

Proof. We use the special property of characteristic p: (x &= )P = oP £ 3P. Otherwise,
showing this is a field is clear. Since (x4 —x)’ = —1, which is coprime with x9 —x, x9 —x
is separable and has q roots. [

Hence, for every q = p™, there exists a unique (up to isomorphism) field with q elements,
which we denote I, satisfying Fp, C Fq C Fp,.

Question. What does the poset {IFq : ¢ = p™}look like (ordered by inclusions Fq, — [Fq,)?

Some necessary conditions:

¢ char(FFq,) = char(FFq,),solet q; =p™, q2 =p™.
e If [Fq, : Fq,] =k, thengy; =p™ =pnk =pk

We claim these conditions are sufficient. Indeed, if x € E satisfies xP" = x, then it also
satisfies xP™* = x.

Example 6.22 — The proper subfields of lee are {]Fp, ]sz, ]Fpg, ]Fpe} with inclusions as
follows:

]F/ps\]F
"

Suppose we wanted to find [IF,6 — (IF,,;3 UF,,2]|. Then it has precisely

p®—p® —p?+p
elements by inclusion-exclusion. This gives the number of primitive elements of F ., /IFy,.
Similarly, we can calculate the number of elements of degree 1, 2, and 3: p, pz —p, and
p3 —p elements respectively.

Moreover, the p® —p3 — p? + p primitive elements come in groups of 6, where each
group has an element and its 5 other conjugates. In fact, }’6—7%9 is the number of
irreducible polynomials of degree 6.

A similar exclusion-exclusion applies to the polynomials xP" — x associated with the
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intermediate fields Fpn:

6
H p(x) = (xP" —x)(xP —x)
- 3 2 :
peFyix] (xP? —x)(xP” —x)
degp=6
p irreducible, monic

April 30,2025  Yesterday’s discussion was the same as looking at the Frobenius homomorphism
Fr:Fp, — TFp
x — xP.

For any q = p"™, define Fq := {x € IF, : Fr™(x) = x}. This embeds all finite fields in F;, and
all finite subfields of E are Fpn forn > 1.

Corollary 6.52

F, = |J Fpn.

n>1

6.10.1. Galois theory perspective

Fpn /IF, is a finite Galois extension (indeed, it is the splitting field of xP" —x (or, more eco-
nomically, any of its irreducible degree n factors)).

Proposition 6.53

It would be more Gal(Fpn /FFp) = (Fr) = {id, Fr,... Fr ! } .
accurate to write
Fr\IFpn here.

Proof (sketch).

¢ Itis clear that these are all automorphisms.

e In fact, these are all distinct, because if Fr* = id for some k < n, then xP* = x for
all x € Fpn, which contradicts the supposed size of Fpn.

¢ Therefore, these are all automorphisms, since [[Fpn : Fp] = n. O

For m | n, Galois theory tells us that
(Fpn)F™ = Fpm.

Remark 6.54. We can write [F,n as the quotient IF,, [x]/(f), where f € [Fy, [x] is irreducible. This
is analogous to quotienting Z by the ideal ({), where { is prime to get Z/{. One could argue
that the former is easier to work with, since, as a group, Fpn = IF [x]/(f(x)) = FF}.

Example 6.23 (RSA) — RSA encryption uses the following facts:

1. We can find large primes:

a) The prime number theorem gives us the probability that a number < N is
prime.
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b) We have fast primality tests.
2. By the Chinese remainder theorem,

Z/pq=2Z/p xZ/q.

3. We have no fast factorization algorithm (i.e., to get from pq to p, q).

Here are the analogous questions for finite fields. To solve the questions, it’s helpful
to note the Galois theory structure (that is, the Frobenius map) Fix a prime p.

1. We want to find large degree irreducibles f(x) € IFy, [x].
a) Question. What is the probability a random f is irreducible?
b) Question (harder). Are there fast “irreducibility tests”?

2. By the Chinese remainder theorem, if f, g are distinct irreducibles,
Fplxl/(fg) = Fp[x]/(f) x Fpx]/(g).

3. Question. Is there a fast factorization algorithm (i.e., to get from f(x)g(x) to
f(x), g(x))?

Spoiler: there are fast factorization algorithms for polynomials over IF}, [x], so working over
finite fields is, indeed, “nicer” than over Z/{ in this case.

Last time (6.22) we showed that there exist degree 6 irreducible polynomials in IF}, [x], essen-
tially by' counting the s'ize of IEPG and Comp?ring it to the size of ;s UIF,,» UF},. In general,
there exists a degree n irreducible polynomial because

]Fpn B U ]Fpm.
min
m<n

It follows that for all n, there exists an element « € E such that IF, («) = IFpn. This statement
holds more generally.

Theorem 6.55 (Primitive element theorem)
Any finite separable extension E/F is simple: E = F(«) for some algebraic o /F.

Notice that we have gone very far without invoking this theorem.

6.11. Infinite Galois theory

Suppose K 2 Fis an infinite Galois extension. In other words, K is the splitting field of (an
infinite) collection of separable polynomials.

Example 6.24 — Q/Q is an infinite Galois extension, since Q is the splitting field of all
polynomials in Q[x].

Hence, we can consider K as the union of finite Galois extensions, where each is the splitting
field of finitely many separable polynomials. The Galois groups are not completely unrelated.

Indeed, consider
Q(v2,V-3)2Q(vV=3) 2 Q.
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Then
Gal(Q(v2,v=3)/Q) =S,
and more importantly,
Gal(Q(V-3)/Q) = S3/A3 =Z/2.
More generally,

Proposition 6.56

If E4,E, are Galois extensions/F satisfying E; C E;, then Gal(E;/F) is a quotient of
Gal(E, /F) with quotient map

Gal(Ez/F) — Gal(Eq /F),

O‘F—)G|E1.

May 2, 2025 If intermediate fields are unrelated, then we can construct the field E;E;, containing both.
This extension is Galois because

Gal(K/E1Ez) =Gal(K/E;)NGal(K/Ey),

and the latter Galois groups are normal.

Proposition 6.57
Let Gal(K/F) := Autg(K). Then

Gal(K/F) = lim Gal(E/F),
E

where %ln is the projective limit/inverse limit/limit over all finite Galois extensions E/F.

Example 6.25 — Consider E / Fp. The only finite extension intermediate fields are Fpn,
and Gal(Fpn /FFp,) = {id, Fr,--.,Frn_]} = Z/n. If m | n, we have a map (in fact, a
quotient map)

Z/n — Z/m.

Then

Gal(E/IFp) :@Z/n:{(an:an eEZ/n):min = an =oxm (mod m)}.

Note that lim  Z/n also contains the information of the quotient maps.

We'll now try to understand the group lim  Z/n is. If we fix a prime p, thenlim, Z/ p¥
consists of infinite tuples (- - - , a,ay, ap) such thatif n > m, an = a;y (mod p™). This
is precisely the definition of the p-adic numbers, Z;,. The Chinese remainder theorem
essentially gives us that

z= 1] z.

P prime

To add more structure, we can define a topology on imE Gal(E/F) as follows: let (og) =
S %iLnE Gal(E/F). Fix some finite Galois extension E/F. Then define open sets as

{(TE) € I'%nGal(E/F) S TE} .
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Theorem 6.58 (Fundamental theorem of Galois theory for infinite extensions)

Let K/F be a Galois extension.

1. (Finite extensions) We have an order-reversing bijection

intermediate fields E open subgroups
with [E: F] < o0 — { H < Gal(K/F) }

KDEDF
E —  Gal(K/E) ={o € Gal(K/F) : ofg =idg}
KH={x e K:H -a=«a} — H

2. (Infinite extensions) We have an order-reversing bijection

intermediate fields E closed subgroups
with [E : F] infinite — { H < Gal(K/F) }

KDEDF
E —  Gal(K/E) ={o € Gal(K/F) : olg =idg}
KH={ax e K:H-a=a} H

The punchline is that understanding separable algebraic extensions of F is the same as un-
derstanding the group 3
Gal(F/F),

(or the separable closure if F is not perfect). -
One can think of number theory as trying to understand the absolute Galois group Gal(Q/Q).
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