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In 1916, Ramanujan considered the following series, whose nth power series coef-
ficient (for n > 1), he denoted t(n):

q H(1 —qY)* =q—24q* +252¢° —1472¢* + - - - = ZT(n)q“.
n=1

n>1

The goal of this note is to prove that T is multiplicative: if (m,n) = 1, then T1(nm) =
T(n)t(m), and that the L-function attached to T, defined as

L(s,A) = Z T(M)n~s,
n=1

has the following Euler product factorization:

Ls,A) =] (1 —1(p)p* +1o”*25)_1 :

P

1. Basic modular forms

Lety = [2 2] € GLy(R)™ (that is, 2 x 2 matrices in R with positive determinant).

Suppose f is a function from H := {z : Re(z) > 0} to C. Let k € Z. We define a right
action of GL,(IR)™ on the space of functions from H — C as follows:

(fly)(z) = (det'Y)k/z(cz+ d)fkf (OZer) |

cz+d

Definition 1.1

We say a holomorphic function f: H — Cis a modular form of weight kif fly = f
for all y € SL,(Z) (the so-called modularity condition), and if f is holomorphic at the
cusp at oo.
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Holomorphic at the cusp at co just means that as z — ioco, f(z) is bounded.

We note that [1

” € SL,(Z), so the modularity condition implies that

flz+1) =1(z).

With this, f has a Fourier transform, and we may write it as

f(z) = Z ane?™nz,

n>0

Defining q(z) = e?™ (which by abuse of notation we will just write as q), we have
f(z) = ano anq™. This is the g-expansion of f, and is where connections to number
theory arise.

1.1. Congruence subgroups

Definition 1.2

If N is a natural number (other than 1), let

I"(N)::{[il 3:|€SL2(Z)ZaEd51 (mod N),b=c=0 (modN)}.

IfN =1,thenletI'(1) :=SL,(Z).

Definition 1.3

If ' < SL,(Z) is a subgroup that contains I'(N) for some N, then call T" a congru-
ence subgroup.

Since I'(N) has finite index in I'(1), this automatically means I' has finite index in I'(1).
We need the following result from modular forms:

Theorem 1.1 (The space of modular forms of weight k is finite-dimensional)

Let My (I"(1)) be the space of all modular forms of weight k. If k is even, and we
writeitas 12j+rforj > 0and 0 < r < 10, then

j+1 ifre{0,4,68,10},

dim My, (T'(1)) =
im My (T'(1)) {). 2

We may also want to consider cusp forms, which are modular forms whose q-
expansion has ap = 0. We let the space of weight k modular cusp forms be S;.('(1)).
One can show that

Proposition 1.2

A(q) is a cusp form of weight 12 and generates S1,(I'(1)). In particular, S1,(I'(1))
is one-dimensional.
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2. Hecke operators

This section closely follows [ , pp- 41-54].

Lemma 2.1

The conjugate of a congruence subgroup I'by « € GL,(Q)" contains some I'(M)
for M > 0.

Proof. Let I'(N) C T'. There are integers M; and M, such that M;«, Moo! €
Mat,(Z). Let M = NM1M,. For v € I'(M), we may write it as I + Mg for some
g € Mat;(Z). But then

ayo! =1+ N(Mja)g(Maar ') € T(N) C T

Therefore,
v=a"aya N € o Tax. O

As a quick corollary, o "Tx N T'(1) has finite index in (1), since it is a congruence
subgroup.

Proposition 2.2

If x € GL,(Q)™" is a matrix, then the double coset I'(1)xI'(1) is the finite union of

disjoint right cosets:
N

F(Mal(1) = JT(Mey,

i=1

where N = [I'(1) : &« 'T(1)ax N T(1)].

Proof. Note that N is finite because « 'T'(1)ax N T(1) is a congruence subgroup.!
Right translation by o« yields a bijection

FMA\T(Mal(1) e TM\T(M (Mo = (ol (N A1)\ ol (1)

Conjugating by « gives the result. O

IWLOG, we assume o has integer entries. Then o 'T(1)aNT(1) contains I'(m) for m = det .
[To prove that I'(m) C o 1T(1) o, which is equivalent to o T (m) C (1), write vy € T'(m) as
I 4+ mA for some integer-valued matrix A.]

For o« € GL;,(Q)* we define the Hecke operator T as
Ty = Z flo.
i

[This defines a linear operator from My (I'(1)) to itself, with invariant subspace Sy (I'(1)).]
If o, p € GL,(Q)", then

fITaTe =) flaiBi= Y m(xB;0)flo,

i oel(I\GL2(Q)*+
3
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where m(«, 3;0) just counts the number of pairs (i,j) such that o € T'(T)x;3; in the
tirst sum above. But, in fact, m(«, 3; o) only depends on a representative of I'(1)oT'(1).
[We prove this as follows: if y € I'(1), then

m(e, B;oy) ={(1,j) : oy € T(1)eui Bs} Z#{(i,j) 10 € r(])ociﬁjy_]}_

Since I'(1)RI(1) = LJ; I'(1)B;, right-multiplication by vy lerm permutes these right
cosets. Thus, there exists a permutation 7t of the indices j and elements y; € T'(1) such
that

By ! = ¥iBr)-
Similarly, for each fixed j, right-multiplication by y; € T'(1) permutes the cosets
{F'(1)«i}i. Hence, there exists a permutation p; of the indices i and elements yi’,j er(m
such that

O4Y) = Vi % (1)-

Substituting these identities gives
By = aviBrg) = Vi) Baij) € T(1 ot (1) Br)-

Since the map (i,j) — (pj(i), 7t(j)) is a bijection on the finite set of index pairs, we
conclude that

#{(L3): By € T(o} =#{ (L)) 1 oy, Br) € T1)o} = m(e, B 0).

]
Therefore, we may rewrite this to
fTaTp = ) floufj = > m(a, B; 0)f[To.
i o€l (1\GL2(Q)*/T(1)

Definition 2.1

The Hecke algebra for SL;(Z), denoted 72, is the free abelian group generated
by the symbols T, for each representative « of each double coset in
F(A\GL2(Q)/T(1).

We define multiplication in R by

To- Tp = > m(e, B; 0)To,
o€r(INGL(Q)* /T(1)

with m(«, B; o) as defined above.

Note that R obviously acts on the space of modular (or cusp) forms of weight k by
f — f|Tx. We now give an explicit set of coset representatives that we can take this
sum over.
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Proposition 2.3
A complete set of coset representatives for

F(1)\GL2(Q)"/T(1)

consists of the diagonal matrices diag(d;, d;), where d;,d; € Q" and d;/d; is an
integer.

Proof. Let « € GL(Q)*, and let N be the smallest positive integer such that
N« has integer entries. By the classification of modules over a PID, there is a
basis &;, &, of Z? such that the columns of N are D& and D;£,, where D5 | D
and Dq,D; > 0. Let & be the matrix with columns &; and &;. Then det(§) €
Z>* ={£1}. We may assume det(&) = 1 WLOG by replacing &; with —&;. Hence,
& esSLy(Z).

Note that diag(Dj, D;)& spans the same submodule of Z?% as Na. Therefore,
there exists a matrix y € GL,(Z) such that

YN = diag(Dy, Dy)E.

We have det(y) = 1 by noting the determinant of all other matrices in this equa-
tion are positive. Therefore, taking d; = D; /N,

o =y 'diag(dy, da)¢,

which implies it is the same double coset as diag(d;, dz).

We now show no two such coset representatives are the same if the matri-
ces diag(d;, d;) are distinct. By the uniqueness of invariant factors, it suffices to
check that if we chose some other N’ such that «N’ € Mat,(Z), then d; and d,
are the same. [Suppose the contrary. Note that N | N” because N is minimal. Re-
peating the same proof as above, we note that the invariant factors D; and D} of
N’ are unique up to multiplication by —1. But in particular, D/ = D;N’/N work
as invariant factors (because N’oc = (N’/N)(Nea) spans the same submodule as
(N’/N)diag(Ds, D;)&),so D{/N’ = dj and D} /N’ = d; in the proof before.] [

Corollary 2.4
For o € GL,(Q)F, I(1al'(1) =T(1) ' T(1).

Lemma 2.5

Given some « € GL,(Q)™, there exist some «; such that

N

N
Mol (1) = JT(Mew = |J eul(1),
i1

i=1

where both unions are through distinct cosets.

5
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Proof. Note that
2 2.2 N ! N
rMer() & rayer() = (r(ar))” %@ (U F(])oq) =Jo& ().

Since oy and o generate the same double coset,
(1o N ociTFU) #+ O,

so choose some f3; in this intersection for all i. O

Theorem 2.6
The Hecke algebra R is commutative.

Proof. Let o, B € GL,(Q)*. For 0 € GL,(Q) 1, let

deg(o) = T(1)\T(1)eT (1) =T(1)el(1)/T(T)].
In other words, the number of «; in Lemma 2.5. Write I'(1)oT(1) = U, I'(1) o%.
Then o € T'(1)oy3;I(1) if and only if some oy is in I'(1) o 35. Therefore, the num-

ber of (i,j) such that o € T'(1)oy3;T(1) is

> mie B;00) = Y m(a, B;0) = deg(o)m(a, B;0).
k k

Let «; and B; be representatives of the double cosets of « and 3, respectively, so
that Lemma 2.5 holds. We then have

F(Dal(1) =M Me; =T e,
rmprm =Urme; =Jrmsy,
j j

SO

m(e, B;0) = #{(i,j);oerm)ocﬁs;r(n}

deg(o)
1
- deg(o)

#{(i,j) ol € F(1)Bjoqr(1)}

:m(B,oc;GT).

Therefore, T, = T, which implies that the Hecke algebra is commutative. ]

Therefore, we write T, f instead of f|T4, since there is no distinction between the left
and right action.
We say that f is a congruence form (resp. congruence cusp form) if it is a modular
(resp. cusp) form for some congruence subgroup.
6
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Suppose f and g are congruence cusp forms, which are both cusp forms for I'(N).
We define the Petersson inner product on the space of congruence cusp forms of
weight k as

_ 1 — 1 dxdy
(f.9) = [T(1) : T(N)] JI“(N)\]H flzlglzly yr

Theorem 2.7

The operators T, on Sy (I'(1)) are self-adjoint with respect to the Petersson inner
product.

Proof. Since z + o '(z) is a measure-preserving isometry of H with respect to

the measure d;‘ily , this change of variables induces the equality

(flx, g) = <f,9|oc“>.

The LHS implies that the inner product is invariant under & — yo, where y €
I'(1), and similarly, the RHS implies the inner product is invariant under o — ovy.
Therefore, this inner product only depends on the coset I'(1)xI"(1).

Let Tof = ) ; floy. Using the fact that oy € T'(1)al"(1) for all i, we have

(Tuf,g) = D (flovi, g)

= deg(«) (flx, g)
= deg(«x) <f,g|oc_1>
— deg(a) (f,gl(a™)T ).

Let B = det(x)(x')". Since scalar matrices act trivially on modular forms, we
have

(T«f, g) = deg(x) (f, gIp) .
Since B = SxS~!, where S = [1 _]], FRT(1) =T (M)l (1).

Since (3 generates the same double coset as «, the Hecke operator associated
with 3 is identically T,. Reversing our earlier logic to sum over the right coset
representatives 3; of I'(1)3T"(1), we obtain

deg(a) (f, gIB) = ) (f,qIBj) = (f, Tgg) .

j
Since Tg = Ty, we conclude that
<T0€f’ 9> = <fl T0c9> s

proving that T is self-adjoint. O
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Lemma 2.8

If S is a set of commuting, normal operators on a finite dimensional space V, then
there exists a basis for V which is a simultaneous eigenbasis for all T € S.

Proof (see [ , Exr. 7B.9,12,16]). We first prove thatif T € £(V) is normal
and U is a T-invariant and T*-invariant subspace of V. Then Ty is a normal
operator. This is true because ||Tu|| = [|Tluu| = [[(T)lyu| = ||[T*u| for all
u € U, since this holds for allv € V.

We induct on dim V = n. This obviously holds for n = 1. For n > 1, if all oper-
ators are a multiple of the identity, then any orthonormal basis will suffice. Oth-
erwise, fix some T € £ that has a non-trivial proper eigenspace E := E(A, T). For
each other S € £ —{T}, E is S-invariant, since S and T commute. But then it fur-
ther follows that E is also S*-invariant because S* and T commute by Fuglede’s
theorem.! Therefore, Sl¢ is a normal operator. By the inductive hypothesis,

{S|EZS S 8}

have an orthonormal basis such that all matrices are diagonal. We now consider
E+. Ifu € EL, then forv € E,

(Su,v) = (u,S*™v) =0,
where the last line follows because S*v € E. Similarly,
(v, S*u) = (Sv,u) =0,

because Sv € E. Therefore, EL is also S-invariant and S*-invariant for all S € £.
Hence, the inductive hypothesis also applies to the set

{Slg. : S € &L

Now combine these two bases and the desired claim holds. O

!n the finite-dimensional case, one can prove that an operator T: V — Vis normal <= there is
a polynomial p such that T* = p(T). Fugelde’s theorem is immediate after this fact.

Since Ty is a self-adjoint operator of the finite dimensional space Si(I'(1)), there is a
basis of Si(I'(1)) consisting of Hecke eigenforms which are an eigenfunctions for all
Hecke operators.

Let

Tn = Z Tdiag(d;,ds)-

d1,d2€2Z~0
d] dzZTI
daldy

Another way to think of this is that if A, is the set of determinant n matrices in
Mat;,(Z), then for each & € A, we have

F(l)ocF(]):F(]) |:d1 d2:| F(]), d],dz€Q+,d1/d2€Z,d1d2:n.

8
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Note that in the proof of Proposition 2.3, we may assume N = 1, so we see that
dq,d; € Z-. Therefore,

d
A= | rm[‘ 4
dq,d2€Z~0

1d2=n
dzlds

} ra).

2

If we write

then

Tnf = Z ﬂTdiag(dhdz) = Z flon ;.
j

dy,d2€Z~0
1d2=n
daldy

We now derive what these &, ; look like.

Lemma 2.9

A= | rm[a 3].

a,d>0:ad=n
b (mod d)

Proof. Given any [)z( 3\)] e rm {d] dz] I'(1). We claim we can perform el-

ementary row operations to get the bottom left entry to zero. If x = 0, then
swapping the first and second rows (and negating the top row afterwards) by

multiplication by [1 _1] yields the bottom left entry as zero. The idea now is

that with elementary row operations, we can perform the Euclidean algorithm
on (x,z) to get one of the left-hand entries equal to zero. Then after possibly
swapping, the bottom left entry is zero.

Suppose we end up with [u :v] . Then by taking determinants, uw = n, and

taking Ry — kR, where k € Z is such that v—kw € {0,...,w — 1}, gives us the
desired form.
It now suffices to show that this is a disjoint union. If there were a matrix

[u v] € I'(1) such that
WX

then
aiuw bju+dyv|  |ax by
aw byw+dix| da]”

This implies w = 0, which combined with the fact that ux —vw = 1 implies that

9
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u,x € {£1}, s0 di = £dy and a; = *a; (where the signs are the same). After
possibly multiplying by —I on the left, we may assume u = x = 1 and d; = d,.
But this implies the top right entries of the matrix modulo d; = d; are equal, that
iS, b] = bz (mod d]). O]

The case for n = 2 may be enlightening. Any matrix with deter-
minant 2 represents the same I'(1) left coset as an upper triangular matrix of the

form [2 T] or [] z] ' In the former case, we can do row operations to make

* = 0, hence making it diagonal. In the latter case, we can reduce the upper-right
entry to either O or 1. Therefore,

s=rn ! Jurm ] Jura] 1.

ndeed, one can perform row operations to make one of the entries in the first column zero. If

the top entry is zero, then we may left multiply by {1 7]} to get an upper triangular matrix.

Therefore,

L= Y Y i [“ (ﬂ (2)

a,d>0b mod d
ad=n

Proposition 2.10
If f € Sx(I'(1)) has Fourier expansion ) _ A(m)q™, then T, f has Fourier expansion

> B(m)q™, where
k/2
mi = 3 (§) " an (%):

ad=n
ajm

10



2 Hecke operators Pramana

Proof. Explicitly, we have

-y ¥ fHa Z](z)

a,d>0b mod d
ad=n

k/ 2 (az

_l’_

55 nmdkf(az;b)
=> >
a,d>0b mod d

a,d>0 b mod d
b
d
ad=n

R E
-y ¥ (4 )Z (%) (%)

a,d>0b mod d
ad=n
k/Z b
-3 ¥ () e () (2 ()
m= 1(&51:>T(2 b mod d

The blue sum is d if d | m, and zero otherwise. Therefore,

= 3 a k/2  ramz
_mZ1a,d>§dnd<d> e( d )A(m)

Since B(m) is the coefficient associated to the q™ = e(mz) term, we get

Bm) =Y (E)k/zd/\<”:1d>. O

ad=n
ajm

Suppose f is a Hecke eigenform. We normalize the eigenvalues of the Hecke oper-
ators so that
Tof = n' 2\ (). 2.1)

Proposition 2.11

Let f be a Hecke eigenform together with the function A(n) so that (2.1) holds.
Then

) #0.
2. If A(1) =1, then A(n) = A(n) for all n.

3. If A(1) =1, then A is multiplicative.

11
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Proof. (1) We have

M AAMAm) = Y (Z)k/zd/\ (”f)

ad=n
ajm

If (m,n) =1, then a = 1, d = n is the only term in the RHS sum, so
A(M)A(m) = A(nm).

If m =1, then A\(n)A(1) = A(n), which means A(1) # 0, otherwise A(n) = 0 for
all n.

(2) Immediate from A(n)A(1) = A(n).

(3) Immediate from A(n)A(m) = A(nm) when (m,n) = 1. O

By part (1) in Proposition 2.11, we may assume A(1) = 1. We will say such a
Hecke eigenform is normalized, and therefore there exists a normalized basis of Hecke
eigenforms for Sy (I'(1)).

Theorem 2.12

If f is a normalized Hecke eigenform, then

L(s, ) = ZA(n)n*S = H (] —Alp)p~ _’_pkf]fzs)*] .

P

Proof. Since A is multiplicative,

Lsf=]] (Z A(p%“) :
P

r=0

Forre€ Zspand k > 1,

—k/ Ty a\ k/2 pTd
SRE I CHEDINE dA( . )

1 k/2
- <> PAG™) +pH2A ().

Dividing both sides by p' %2 and noting that A(p) = A(p), we have that
AP —APA(P) +p*TA(PT) =0.

Working with formal power series in C[X], and letting A(x) = 0if x € Q — Z,

12
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we have that

(1-ApX+p"x) (Z A(p*)xr>
=0

(AP = APAGR™) +P AR X

I
L8

(D + (Alp) —AlP)A(T)) X

I
-

Taking X = p~*, we obtain the desired Euler product. O

3. An explicit example with the Ramanujan Tau function

We explicitly apply Hecke operators to A as an example. We have that

A=q[J00—q* esnr),
n>1

which is a T-dimensional vector space. Therefore, A is a Hecke eigenform. We have

that TzA:A’ [2 1] —I—A‘ F g} —i—A’ [] ;].Expanding yields

A (z) = (2)'%?A (22) = 2°A(q?)

1

al|" Ol @ =@ (5) =2fava)
1
2

z+1

A (z) = (z)‘Z/Z(z)‘2A< 5 ) =2"°A(—/q).

Therefore, using the generatingfunctionology terminology where f[q"] is the coeffi-
cient of q™ in the g-expansion of a modular form f (e.g., T(n) = A[q™]),

26t(n/2) +2751(2n) ifniseven,

THAQ"] =
28147 {Z_ST(ZTI) if nis odd.

First, we have that

TA[q] =27°1(2) = —2,

which proves that T)A[q] # 0. We know that A is an eigenform for T, so if we want
TA =217122)(2)A = 275 (2)A,

we must have
TA[q] = 27°A(2)T(1),
which implies
A(2) =-24 =1(2).
13
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We can check now that t(2)t(3) = t(6). Indeed,
LA’ =27°A(2)t(3) =27°1(6) = T(2)T(3) = 1(6).

Since t(1) = 1, it is normalized. This immediately gives T(n)t(m) = t(nm) if
(m,n) = 1by Proposition 2.11 (3). Theorem 2.12 gives us that

L(s,A) = ZT(TL)TL_S = H (1 —1(p)p +pn—zs>*1 ,

P

completing the proof.

References

[Ax]197] Sheldon Jay Axler. Linear algebra done right, volume 2. springer New York,
1997.

[Bum97] Daniel Bump. Automorphic Forms and Representations. Cambridge Studies in
Advanced Mathematics. Cambridge University Press, 1997.

14



	Basic modular forms
	Congruence subgroups

	Hecke operators
	An explicit example with the Ramanujan Tau function

